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ABSTRACT

Multi-armed bandit is a central paradigm for interactive machine learning, where an agent
must learn efficiently from adaptive feedback. From a data collection point of view, bandit
algorithms can be applied as a tool for efficient sequential data collection and serve as a
powerful method to solve many real-world problems. This perspective leads to the pure ex-
ploration problem, where the goal is to focus entirely on data exploration during the learning
process and use the collected data for a final task, such as decision-making or model training.
A key aspect of this framework is that individual data collection steps do not have an imme-
diate impact on a final objective. This distinguishes the pure exploration framework, which
has recently shown its strength in many practical problems, from the more traditional regret
minimization framework with a cumulative objective. In this dissertation, three problems are
studied around this theme, ranging from theoretical foundations to practical applications.

The first problem addresses a gap in the theoretical understanding of simple regret, a fun-
damental yet under-explored performance measure in pure exploration; since its proposal, a
rigorous, instance-dependent characterization has been lacking. The second problem arises
in experimental settings, such as clinical trials, where bandits are a powerful tool for accel-
erating discovery. However, factors like user non-compliance can confound the experimental
results. We address the question of how to design efficient pure exploration algorithms to
support critical decision-making in the presence of such confounding factors. The third
problem concerns the alignment of Large Language Models (LLMs), which often requires a
high-quality preference dataset that is expensive to collect. We study how to design efficient
data exploration strategies to improve the sample efficiency of preference learning.

These three problems share the common theme of efficient data collection for a final task,
where the immediate impact of each data collection step is disregarded in favor of the terminal

objective. This dissertation tackles these three problems by developing a suite of novel
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algorithms and analyses to address each of them. A common goal across all contributions is
the provision of an instance-dependent guarantee for each problem. This is more practical
and fine-grained than the worst-case bounds commonly seen in the literature, providing a
more complete, problem instance level characterization that reflects the intrinsic difficulty

of each specific task.
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Chapter 1

Introduction

1.1 Background and Motivation

Interactive machine learning, in stark contrast to traditional supervised learning, is a
paradigm where a learning agent interacts with an environment via an algorithm that re-
peatedly and adaptively takes actions and collects feedback. Such an environment can be a
human-in-the-loop system (e.g., a recommender system) or a physical system (e.g., robotics).
Often, the interaction is aimed at collecting valuable, frequently expert, human feedback
through a sequential decision-making process. The feedback can take various forms, such
as explicit labels, error corrections, result validations, or rankings. The downstream tasks
range from collecting insightful data to inform a critical decision to curating a high-quality
training dataset for other machine learning models.

A representative model for interactive machine learning is the multi-armed bandit (MAB)
(Lattimore and Szepesvari, 2020), which has a long history in the statistics and machine
learning literature, with its original formulation dating back to Thompson (1933). The core
concept of the MAB model is bandit feedback, which means the learning agent only observes
the feedback signal for the action it takes, not for the actions it could have taken. This
feedback mechanism is common in real-world applications. For example, in a recommender
system, the system only observes user feedback for the recommended items (Li et al., 2010);
in a clinical trial, a doctor only observes the outcome for the prescribed treatment (Villar
et al., 2015). While the bandit feedback mechanism makes learning more challenging, it also
makes the model more realistic and practical. This immediately raises the question of how
to design an algorithm that can effectively learn from bandit feedback or, from a different

perspective, how to design an efficient data collection process under this mechanism.
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Extensive research has been conducted on the multi-armed bandit model, leading to a rich
set of algorithms that address various challenges from both theoretical and practical perspec-
tives. For a long while, bandits were studied under the framework of regret minimization
(Auer et al., 2002), which aims to minimize the cumulative regret over a time horizon. This
framework captures the fundamental trade-off between exploration and exploitation: the
agent must explore different actions to gather information about the environment while si-
multaneously exploiting its current knowledge to maximize immediate rewards. The regret
minimization framework has been widely studied in various settings, including stochastic
bandits (Auer et al., 2002), contextual bandits (Foster and Rakhlin, 2020), linear bandits
(Abbasi-Yadkori et al., 2011), and combinatorial bandits (Combes et al., 2015). More re-
cently, the concept of pure exploration was proposed (Even-Dar et al., 2006; Bubeck et al.,
2009), motivated by the fact that in many applications, the agent is more interested in
identifying the best action than in maximizing cumulative reward. For example, in an A/B
testing scenario, the goal is to identify the best-performing variant, not to maximize the
conversion rate during the test itself. Similarly, in hyperparameter tuning, the goal is to find
the best configuration for future use (Li et al., 2018b). The pure exploration framework has
been studied in settings such as best-arm identification (Even-Dar et al., 2006), top-k arm
identification (Chen et al., 2017a), and in more complex structures like linear bandits (Soare
et al., 2014).

Building upon this line of research, this dissertation aims to address a set of questions
ranging from theoretical foundations to practical applications, including:

Theoretical foundation:

In the pure exploration setting, existing work has primarily focused on developing algo-
rithms that efficiently identify the best arm (or top-k arms) with high probability while
minimizing the required number of samples. Much of this research centers on bounding the
probability of error, that is, the probability of failing to identify the correct best arm.

However, a fundamental understanding of the limits of pure exploration remains incom-
plete. As noted as an open problem in Lattimore and Szepesvari (2020), the full output
distribution of a pure exploration algorithm is still unknown. The probability of error pro-

vides only a partial characterization of this distribution, and its prevalence in the literature
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is largely due to its analytical tractability. A more fundamental performance measure is
simple regret, first introduced by Bubeck et al. (2009). Despite its importance, obtaining
instance-dependent bounds for simple regret remains a significant open problem in the field.
Practical application:

Two emerging topics in real-world applications are strongly tied to the bandit problem,
yet they present unique challenges that standard, off-the-shelf algorithms have not yet suc-
cessfully addressed.

One such area is the use of bandits as an experimentation tool in the presence of non-
compliance, a topic of growing importance in industry. While practitioners have increasingly
used bandit algorithms to adaptively allocate treatments to identify the best one, a common
issue in real-world settings is that the assigned treatment is not always the one applied. This
is known as non-compliance. For example, in a clinical trial, a volunteer assigned a specific
drug may choose not to take it or to take a different one. Similarly, in an online platform like
Netflix, a user might be offered a coupon for a specific subscription tier to gauge engagement,
but they may choose to subscribe to a different plan instead. Such scenarios complicate the
experimental goal of identifying the best treatment. A key research question is therefore
how to design efficient bandit pure exploration solutions for experimentation settings with
non-compliance.

Another challenge emerging in recent years is the issue of data collection efficiency for
Large Language Model (LLM) alignment. This seemingly less relevant area is, in fact,
strongly tied to the bandit problem. A critical step in LLM alignment is collecting human
feedback on different LLM-generated answers, often in the form of pairwise comparisons.
These comparisons are used to train a reward model for downstream reinforcement learning
step. However, collecting human feedback is expensive and time-consuming. Given the need
for high-quality data, it is crucial to design an efficient collection process. This task can
be naturally formulated as a bandit problem where each arm is a pair of answers to be
compared. The challenge here is how to make a minimal number of queries to humans while
still collecting a high-quality dataset to train an effective reward model quickly. Due to the

inherent bandit feedback in this problem, where we only observe the preference for the pair
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that is queried, this topic has attracted significant attention, but an established, optimal

solution has not yet been proposed.

1.2 Bandit Model Structure

We briefly review the multi-armed bandit (MAB) model and its notation in this section
for completeness.

In a standard MAB model, a learning agent interacts with a set of N arms. Each arm
ie{l,...,N} is associated with an unknown reward distribution ;. We consider a slotted
time system where, at each time step ¢ = 1,2,..., the agent selects an arm I; € {1,..., N}
and receives a reward r; drawn from the distribution of arm I;. We assume that reward
distributions are independent across arms and that rewards are independent and identically
distributed over time for any given arm. Common assumptions on the reward distributions
include bounded support, sub-Gaussian tails, or Bernoulli distributions. In this dissertation,
we assume all feedback is immediate, i.e., the reward r, is observed directly after pulling arm
I;. The setting of delayed feedback is not considered.

In addition to the unstructured model described above, many variants of the bandit model
incorporate additional structure to capture more complex scenarios, and these models often
play a more important role in real-world applications. A prominent example is the linear
bandit model. In a linear bandit, each arm 7 is associated with a feature vector x; € R?,
and its expected reward is a linear function of this vector, i.e., p; = x]6*, for some unknown
parameter 6* € R4, In this setting, the arms are no longer independent, and pulling one
arm provides information about the rewards of other arms through the shared parameter 6*.
This structure allows an algorithm to generalize information learned from one arm to others,
which can significantly improve learning efficiency, especially when the number of arms is
large. Standard algorithms designed for the unstructured MAB model would be inefficient
in this setting, as they would fail to leverage this shared structure.

This dissertation will consider problems in both the standard MAB setting and in struc-

tured settings, including linear and generalized linear models.
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1.3 Regret Minimization vs Pure Exploration

While the difference between regret minimization and pure exploration has been briefly
mentioned, we provide a more detailed comparison here. This is particularly important
as this dissertation focuses on the pure exploration framework, which may be less familiar
to some readers. There are two primary frameworks for studying MAB problems: regret
minimization and pure exploration. In the regret minimization framework, the goal is to
minimize the cumulative regret, defined as the gap between the expected reward of an oracle
that always plays the best arm and the expected reward of the algorithm over a time horizon
T. In the pure exploration framework, the objective can vary. Typical performance measures
include the probability of error (IP’(,u Jr * ul)), where Jr is the arm recommended by the
algorithm after T" rounds; the simple regret (E[,ul - i JT]); or, in the top-K arm identification
problem, the probability of failing to identify the correct set (IP(JT ¢{1,..., K }))

It was not until the work of Bubeck et al. (2009) that it was widely realized that an
algorithm effective for regret minimization can be inefficient for pure exploration, which led
to a greater focus on pure exploration-specific algorithms. The pure exploration framework
itself contains two different settings: fixed confidence and fixed budget. Within the scope
of best-arm identification, for example, the settings are defined as follows. In the fixed
confidence setting, the algorithm is given a target confidence level § and aims to identify the
best arm with probability at least 1-¢ while minimizing the number of samples used. In this
case, the algorithm requires a stopping rule to determine when to stop collecting samples.
In the fixed budget setting, the algorithm is given a fixed number of samples 7" and aims
to maximize the probability of correctly identifying the best arm within this budget. This
setting does not require a stopping rule since the budget is predetermined. Both of these

settings have been widely studied and are used in different applications.

1.4 Experimental Design

We also present an overview of experimental design, which is an important tool used in
this dissertation. Experimental design is a branch of statistics that focuses on planning

experiments to ensure that the collected data can provide meaningful and valid conclusions.
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In the context of bandit problems, experimental design techniques have been widely used
for bandits with linear or generalized linear structures. The key idea is to design a sampling
strategy in terms of a sampling distribution on the arms to maximize the information gained
about the unknown parameters of the model, ahead of time, which can lead to more efficient
learning. A well-defined experimental design objective yields an allocation distribution over
the arms that can be used to guide the sampling process. Common design objectives include
G-optimal, D-optimal, and E-optimal designs, each with its own advantages and purposes.
For example, G-optimal design aims to minimize the maximum prediction variance across

the design space (Kiefer and Wolfowitz, 1959):

arg )\Elgi(f)l() Tilef}YX”xH (Sgex AozaT) ™

where A(X) is the probability simplex over the design space X’ (the set of all arm feature
vectors). D-optimal design aims to minimize the volume of the confidence ellipsoid for the
parameter estimates, which is equivalent to maximizing the determinant of the information

matrix (Kiefer and Wolfowitz, 1959):

arg max det( Z )\xxxT).

AeA(X) reX

E-optimal design aims to maximize the minimum eigenvalue of the information matrix

(Ehrenfeld, 1955):

AeA(X) reX

arg max )\min(z )\xx:vT).

These are all powerful, general-purpose design objectives that can be used in various settings.
Depending on the specific requirements, a different design objective can be chosen. For
instance, if the goal is to minimize the worst-case prediction error, G-optimal design is a
good choice. E-optimal design is useful for collecting data such that the covariance matrix
is well-conditioned, ensuring the stability of the parameter estimates. We note that despite

the power of these general-purpose design objectives, they are not specifically designed for
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a particular task. Consequently, it is often necessary to design a task-specific objective to

achieve superior performance.

1.5 Contributions and Organization of the Dissertation

This dissertation contributes to both the theoretical foundations and practical applications

of bandit and interactive learning problems. The main contributions are summarized as

follows:

e In Chapter 2, we provide a comprehensive analysis of simple regret in the fixed-budget
pure exploration setting. Our results answer an open problem mentioned in Lattimore
and Szepesvari (2020) by providing the first instance-dependent bounds for simple
regret, which help characterize the output distribution of pure exploration algorithms.
In addition, we propose a novel algorithm that exhibits an interesting acceleration

phenomenon for pure exploration.

In Chapter 3, we tackle the challenge of best-arm identification with non-compliance.
We first formulate a general problem setting that captures key aspects of non-compliance
in real-world scenarios. We then propose a novel algorithm that combines ideas from
bandit learning and instrumental variable regression to solve this problem. A key con-
tribution is a non-asymptotic confidence bound for the proposed estimator, which is
motivated by the well-studied two-stage least squares estimator in econometrics. We
further provide a sample complexity analysis for the algorithm and demonstrate its

effectiveness through experiments.

In Chapter 4, we address the problem of efficient data collection for pairwise preference
datasets in LLM alignment. Existing solutions often rely on off-the-shelf experimental
design objectives that are not specifically designed for this task and overlook its unique
structure, leading to suboptimal performance. We start from a simple intuition that
leads to a novel experimental design objective that is specifically tailored to the pref-
erence data collection problem. This results in an efficient algorithm that, to the best

of our knowledge, achieves the first instance-dependent guarantee for this problem.
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In parallel, we propose an easy-to-implement greedy algorithm and validate its strong

empirical performance on real-world datasets.
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Chapter 2

Revisiting simple regret: Fast rates for returning a good arm

Simple regret is a natural and parameter-free performance criterion for pure exploration
in multi-armed bandits. However, possibly due to the challenge of characterizing it, in the
theory community, it has been largely overlooked in favor of studying the probability of
selecting the best, or an e-good arm.

In this chapter, we make significant progress on minimizing simple regret in both data-rich
(T > n) and data-poor regime (7" < n) where n is the number of arms, and 7" is the number
of samples. At its heart is our improved instance-dependent analysis of the well-known
Sequential Halving (SH) algorithm, where we bound the probability of returning an arm
whose mean reward is not within ¢ from the best (i.e., not e-good) for any choice of € > 0,
despite € not being input to SH. Our bound not only leads to an optimal worst-case simple
regret bound of \/m up to logarithmic factors but also essentially matches the instance-
dependent lower bound for returning an e-good arm reported by Katz-Samuels and Jamieson
(2020). For the more challenging data-poor regime, we propose Bracketing SH (BSH) that
enjoys the same improvement even without sampling each arm at least once.

Our empirical study shows that BSH outperforms existing methods on real-world tasks.

2.1 Introduction

We consider the pure exploration problem in multi-armed bandits. In this problem, given
n arms, the learner sequentially chooses an arm [, € [n] := {1,...,n} at time ¢ to observe
a reward r; = uj, +1; where p; is the mean reward of arm i and 7; is stochastic o2-sub-
Gaussian noise. Without loss of generality, we assume that 1 > uq > -+ > p, > 0. After T

time steps, the learner is required to output an arm Jr that is estimated to have the largest
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mean reward. The budget 7" may or may not be given to the algorithm as input. Such
a problem was formalized by Even-Dar et al. (2006) and Bubeck et al. (2009), but similar
problems were considered much earlier (Bechhofer, 1958; Chernoff, 1959). Recently, pure
exploration has found many applications such as efficient crowdsourcing for cartoon caption
contests (Tanczos et al., 2017), hyperparameter optimization (Li et al., 2018a, 2020), and
improving the time complexity of clustering algorithms (Baharav and Tse, 2019a). Hereafter,
we take 02 = 1 for ease of exposition, but all our results can easily be extended to o2-sub-
Gaussian noise.

Among many performance criteria, simple regret proposed by Bubeck et al. (2009) is a

natural measure of the quality of the estimated best arm Jr:

SReg, :=E [Ml - ,uJT] : (2.1)

Simple regret is an unverifiable performance measure, meaning that the algorithm need not
verify its performance to a prescribed level. This is in stark contrast to the fixed confidence
setting (Even-Dar et al., 2006) such as (¢,§)-PAC that requires the algorithm to verify the
quality of the estimated best arm to the prescribed target accuracy € and confidence level
0. While certain applications do need such verification, there are many applications where
the sampling budget is too limited to show meaningful guarantees, such as cartoon caption
contests (Jain et al., 2020) and biological experiments (Jun et al., 2016). In these cases,
algorithms with verifiable guarantees may not be meaningful. Furthermore, existing algo-
rithms with verifiable guarantees are vacuous in the data-poor regime of T' < n as it requires
each arm to be pulled at least once (Katz-Samuels and Jamieson, 2020, Section C.1). The
fixed budget setting considers an unverifiable measure of ]P(M Jp ul) (Audibert et al., 2010),
but this quantity inevitably depends on the smallest gap p; — po (Carpentier and Locatelli,
2016), which is usually not meaningful until the sample size is very large.

Despite being attractive, the analysis of simple regret has been elusive. Existing studies
focus on either achieving minimax simple regret bound (Lattimore et al., 2016a) or charac-

terization of how simple regret is different from the cumulative regret (Bubeck et al., 2009).
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Table 2.1: Sample complexity comparison with ME (Even-Dar et al., 2006), P3 (Chaudhuri and
Kalyanakrishnan, 2019), and BUCB (Katz-Samuels and Jamieson, 2020). The lower bound for
Polynomial(«) instances (Theorem 3, Lemma 3.1) is a contribution of this chapter which improves
on Katz-Samuels and Jamieson (2020, Theorem 1) to include the correct dependence on §. The
lower bound for EqualGap(m) was first shown by Chaudhuri and Kalyanakrishnan (2017), which
works for the fixed budget setting as well. We omit constant and logarithmic factors in n and
m. Methods with asterisk consider the fixed confidence setting, and those with dagger have an in
expectation bound rather than the high probability one. Anytime algorithms do not require the
knowledge of the budget T as input, and parameter-free ones do not require any of {a,m,e,9} as
input.

Polynomial(«) with EqualGap(m) with Data-poor  Anytime Parameter-
>3 m<n/4 free
ME* s%log(%) :—élog(%) X X X
P; sty log(3) v 3 (21og(}) +10g” (3)) X X
Liog?(3)

BUCB' =7y 108 () mez 10 (5) X
DSH n " "

(OUI‘S) 6% lOg (%) v gl/a me? 10g (%) v e2 X

BSH n

(ours) =log(3) ez log ()

L n

bound 2 1ox (3) 2 los (3)

It is not known whether simple algorithms like Sequential Halving (SH) (Karnin et al., 2013)
enjoy the optimal simple regret or not.

In this chapter, we revisit simple regret and make two main contributions. First, we
provide a novel and tight analysis of Sequential Halving (SH), one of the state-of-the-art
algorithms for pure exploration. We analyze a strong performance criterion that we call

e-error probability:

P(p1 - pigy > ) (2.2)

where € is not given to the algorithm as input. This is precisely characterizing the distribu-
tion of yz,, which was mentioned as an interesting direction of research in Lattimore and
Szepesvari (2020, Section 33.4 Note 9). If an algorithm A does not take € as input yet has

a guarantee for any e, we say A enjoys a uniform ec-error probability bound. The e-error
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probability is stronger than simple regret since

SRegy = B[y~ i) = [ P(i = pusy > €)de (2.3)

Thus, a uniform e-error probability bound implies a simple regret bound.

We call an arm ¢ to be e-good if u; > py —e. Let A; := py — p; be the gap of arm ¢ and
g(e) = |{z en]|w>m —5}| be the number of e-good arms. We prove that SH (Karnin
et al., 2013) has the following bound for any ¢ > 0 (Theorem 1):

P(f1gp < pt1 —€) < exp(—é(%@))), (2.4)

where O(-) hides logarithmic factors and

1 )
Ha(e) = Sy o, A7 -
is the sample complexity function. By setting ¢ = 0, the complexity becomes H>(0) =
max;»21A;% =1 Hy, so our bound is never worse than the original bound of SH presented
in Karnin et al. (2013): P(pz,. # p1) < exp(—é(H%)).

Furthermore, our bound essentially matches the lower bound presented in Katz-Samuels
and Jamieson (2020). We also derive a minimax-style bound on the e-error probability,
which can be easily integrated out over € to obtain SReg, = O(\/n/_T ), and further show
that a variant of SH results in removing logarithmic factors from the bound and achieve
SReg, = O(\/n/_T ). Finally, we derive an anytime version of SH that we call Doubling SH
(DSH), which enjoys the same guarantees without requiring 7" as input. We present details
of these claims in Section 2.3.

As the second contribution, we propose an improved pure exploration algorithm for the
data-poor regime. This is motivated by the fact that the guarantee (2.4) becomes vacuous in
the data-poor regime (7" < max;sq(.)+1 9A;? to be precise) as it does not even allow us to pull
every arm once. Inspired by Katz-Samuels and Jamieson (2020), we propose Bracketing SH

(BSH) that progressively subsamples a larger set of arms (i.e., brackets) for which we invoke
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Figure 2.1: The polynomial fitting for the best 150 arms of the New Yorker Cartoon Caption
contest 788.

SH to find a good arm. Our analysis shows that BSH enjoys a bound that is essentially the
same as (2.4) but works even for T' < max;»g(c).1 iA;2. Compared to BUCB (Katz-Samuels
and Jamieson, 2020), the state-of-the-art algorithm for the data-poor regime, BSH achieves
three improvements: (i) BSH is parameter-free whereas BUCB requires the target error rate
d as input, (ii) BSH has a high probability sample complexity bound as opposed to the
expected sample complexity bound of BUCB, (iii) BSH shows a much stronger bound than
BUCB. We provide details on BSH in Section 2.4.

We compare our bounds with existing bounds in various setups in Table 2.1. For ease of
comparison, we consider special instances called Polynomial(«) and EqualGap(m). Polynomial(«)
is an instance with gap structure 4A; = (%)a for 2 < i < n, where a > 0.5 (Jamieson et al.,

2013), and EqualGap(m) is an instance that has m — 1 arms with the gap /4 and n - m
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arms with the gap 25. Both a and m have the role of adjusting the number of good arms.
Our bound for BSH matches the lower bounds for the first time to our knowledge, thereby
establishing the optimality for these two instances.

Note that many real-world instances follow Polynomial(«); e.g., see Figure 2.1. One
interesting aspect of Polynomial(«) is that, although « affects the fraction of good arms, the
optimal rate 1/e? is independent of .. This is because the hardness of returning an e-good
arm depends not just on how many good arms we have but also on how far they are from
bad arms as we explain in Section 2.3.

Our result also resolves the open problem of having a factor of In*(1/8) rather than In(1/)
when obtaining accelerated sample complexities under the presence of multiple good arms.
Such an issue appeared repeatedly in the literature; e.g., Chaudhuri and Kalyanakrishnan
(2019), Katz-Samuels and Jamieson (2020, Section E), and Aziz et al. (2018, Section 5). They
all rely on the subsampling device or its variants. Our improved bound can be attributed to
the fact that an accelerated sample complexity can be obtained even without the subsampling
device — we are the first to achieve such a result, to our knowledge.

We evaluate our algorithm on the cartoon caption contest dataset in Section 2.5 and

conclude the chapter with future work in Section 2.6.

2.2 Preliminaries

We focus on the fixed budget and anytime setting in pure exploration. In the fixed budget
setting (Audibert and Bubeck, 2010), the learner is given a budget 7" > 1 as input and is
required to return an estimated best arm Jr € [n] at the end of T-th time step. In the
anytime setting, there is no prescribed T, and the learner is required to output J; € [n] for
every time step t > 1. In these settings, unlike the fixed confidence setting, the learner is not
required to verify the quality of the returned arm Jr. We collectively call these settings the
unverifiable setting and refer to the fixed confidence setting as the verifiable setting. Note
that for any verifiable setting, one can consider an unverifiable version. For example, the
verifiable (m,e)-good arm identification problem (Chaudhuri and Kalyanakrishnan, 2017)

requires that the learner, given (m, e, §), identify an arm ¢ that is (m, e)-good (i.e., f; > i —¢)
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w.p. at least 1-0. One can consider the unverifiable (m, ¢)-good arm identification problem
where the goal is to minimize P(p . > p,,, — €) after T time steps.

Sample Complexity. When comparing bounds for simple regret or e-error probability,
it is often easier to consider the sample complexity, which measures the number of samples
required to achieve the target performance level. For example, the sample complexity for
the e-error probability is the smallest time step 7 such that Vi > 7, P(uy — py > €) < 0.

Notations. Throughout the chapter, “const” is a universal and positive constant, which
may have different values for different expressions. Both O(-) and O(-) omits logarithmic

factors on m, n, but not 1/4.

2.3 Improved Analyses of Sequential Halving

Sequential Halving (SH) (Karnin et al., 2013) is a simple and parameter-free algorithm
that has had an outsize impact on pure exploration since its introduction. Many recent
practical algorithms for pure exploration (Aziz et al., 2022; Li et al., 2018a, 2020; De Heide
et al., 2021) make use of this algorithm, either with slight modifications or as a subroutine.
These works have demonstrated that the algorithm’s practical and theoretical significance
is greater than its original presentation. Even beyond the basic bandit setting, SH also
has been used for planning in reinforcement learning (Danihelka et al., 2022), where SH is
observed to be easier to tune compared to some UCB style algorithms as it does not have
problem-dependent parameters.

We present SH in Algorithm 1. SH consists of [log,(n)| stages. In each stage ¢, the
algorithm performs a uniform sampling over the surviving arms S, followed by eliminating
the bottom half of S, w.r.t. empirical means and sets Sp,; as the resulting arm set.

SH is known to achieve a nearly optimal instance-dependent bound on the (e = 0)-error
probability, which we detail in Table 2.2. However, it is unknown if SH is a good algorithm
for returning an e-good arm. For € > 0, though in the fixed confidence setting, Median
Elimination (ME) achieves the sample complexity of % log(%) (Even-Dar et al., 2006). Does
SH achieve a similar sample complexity for e-error probability? Despite the similarity be-

tween SH and ME, the answer is not clear because the sampling scheme of SH is different
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from ME. In light of the ubiquity of this algorithm and recent empirical success, a stronger
characterization of the performance of SH is of great interest to the community.

In this section, via a powerful analysis of the e-error probability incurred by SH, we show
that this algorithm achieves an optimal bound for the unverifiable (m,e)-good arm iden-
tification problem that further implies a minimax optimal simple regret bound (Lattimore
and Szepesvari, 2020, Exercise 33.1). We also provide a near-optimal instance-dependent
uniform e-error probability bound for the first time.

Our main theorem shows the following instance-dependent uniform e-error probability

bound for SH.

Theorem 1. For any ¢ € (0,1), the e-error probability of SH satisfies

Py < p1—€) < eXP(—é(HS;S) )),

for T > (:)(maxpg(a)ﬂ ﬁ)

The proof is in Section 2.9.5. Note the requirement of T > é(maxizg(g)ﬂ é) is not a
weakness of our result. One can easily see that if A; = ¢,Vi > 2, the standard result of
SH (Karnin et al., 2013) becomes vacuous for T = o(%). We stress that, unlike all existing
work that we are aware of, Theorem 1 bounds the e-error probability for an algorithm that
does not require ¢ as input. That is to say, ¢ is a parameter for analysis only. This upper
bound of e-error probability implies a sample complexity of O(Hy(e)1n(1/5)).

Polynomial gap instances.

The class of polynomial gap instances was introduced by Jamieson et al. (2013), who
referred to them as ‘a-parameterized’ instances. The authors studied these instances in the
best-arm identification setting, showing that for o > 1/2, the sample complexity H = ¥y A2
scales like Q(n2?®), with the increase in sample complexity corresponding to the growing
number of close-to-optimal arms as « increases. In one of the highlight results of this work,

we show that when € > 0 is not pathologically small, SH returns e-good arms on these

instances with an optimal sample complexity that is independent of the number of arms n.
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1

5, we have

Corollary 1.1. For Polynomial(«) with o >

4

1
Hy(e) = —— max — < —.
2( ) g(%) izg(s)}il A? g2

The proof is in Section 2.9.6. While this result initially seems surprising, the lack of
dependence on n stems from the ratio between the number of ‘well-separated’ e-good arms
and the sample complexity of filtering out e-bad arms (i.e., non-e-good arms) on these
instances. As n increases, due to the polynomial gap structure, the number of well-separated
e-good arms (e.g., the collection of £/2-good arms) increases linearly with n, which balances
the linear growth in n of the sum over the e-bad arm gaps >/ )41 A;2. This second term
is effectively the sample complexity of discarding all e-bad arms. Since we only require one
of the good arms to be returned, we get to divide YL )., A7 by g(¢/2).

Lower bounds. We compare our upper bound in Theorem 1 with lower bounds. For
brevity, we present an informal version here and defer the full version to Section 2.9.15 along

with a slightly stronger version.

Theorem 2. (Informal version of Katz-Samuels and Jamieson (2020, Theorem 1)) For
any algorithm, there exists an instance where the expected unverifiable sample complexity for

returning an £-good arm with probability greater than 15/16 satisfies

(s .6 =)

i=g()+1 g(e)+1

Corollary 2.1 (Comparison with previous lower bound). In the case that g(¢) and g(%)

o(5)

have the same order 9 is irrelevant to €), the sample complexity measure Hy(g) satisfies

H " (g) s Hy(e) s HP¥(e) + A2

g(e)+1
where S hides constants and logarithms of n and 1/§.

The sample complexity implied by Theorem 2 for returning an e-good arm with probability
1-6, with 6 € (0,1/16), is Q(H' ¥ (e)), which does not have the factor In(1/5). We contribute
anew lower bound that suggests a sample complexity of Q(I:[ () log(1/6 )), with a complexity
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term H(e) that we describe next, and with which we show that Theorem 1 is essentially
tight on polynomial gap instances with a > 1/2.

For an n-armed bandit instance v, let

5 n/g(e) )
=2

where for simplicity we assume that n is an integer multiple of g(¢).

Theorem 3. Fizn > 2, € >0 and an n-armed unit-variance Gaussian instance v. With
a:=H(v,e) we define By,(a,<), the collection of n-armed bandit instances with unit-variance
gaussian arms for which H(v',€) < a for each v’ € B,(a,€). Then for any algorithm © and

sample budget T € N,

11
sup Py/,ﬂ(,uJT <y - 8) > maxi —, —exp(—24T/a) .
VB (a,e) 2736

The complexity term H(v,¢) plays the same role in our result as that of H(v) = Y1y A72
in Carpentier and Locatelli (2016, Theorem 1). The proof of Theorem 3 can be found in
Section 2.9.8.

Lemma 3.1. Consider a Polynomial(a) instances with fived o> 1/2. Then for any e < 1/2,

H> % where c(a) is a problem-dependent constant which does not depend on €.

The proof is in Section 2.9.9. Combining Corollary 1.1 and Lemma 3.1, we see that
Theorem 1 is optimal up to logarithmic factors in the sample complexity for polynomial gap

instances with a > 1/2.

2.3.1 Unverifiable (m,e)-Good Arm Identification

We show the error probability of SH for unverifiably identifying an (m,e)-good arm (de-

fined in Section 2.2) and discuss its implications.
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Algorithm 1: Sequential Halving (SH)
Input: budget: T, arms: [n]
Initialize: S; = [n]
for (=1,... [logyn] do

Sample each arm ¢ € .S, for T, times where

T
fe= [|se|ﬂog2 ] ‘

Let Sy.q1 be the set of [Sg/?] arms in S, with the largest empirical rewards.

Set Jr as the only arm in S[
Output: Jr

log, n1 :

Theorem 4. For any m <n and any € € (0,1), the error probability of SH for identifying

an (m,e)-good arm satisfies

e2T
4nlog3(2m)log, n

- ln(4e)) :

IF’(,uJT < i — 5) < log, n-exp —const-m~(

|3

[

(In(4e)+Inlnn)nlog(2m)logy n _ é(
e? -

)

Thus, there exist an absolute constant ¢; >0 s.t. if T > ¢; -

we have

2
]P’(,uJT < oy — 5) < exp(—é(m%)).

The proof is in Section 2.9.3.

Remark 1. Note that our bound implies a verifiable sample complexity bound for the (m,e)-
good arm identification setup as well because, given (m,e,d), one can work out the sufficient

samples size T" to control the RHS of Theorem 4 to be at most § and then run SH with T".

Implications for m = 1. The worst-case upper bound of Theorem 4 for m = 1 corresponds
to the sample complexity of @(E% log %) This is the same as the classic lower bound result
of the (g,d)-PAC problem (Mannor and Tsitsiklis, 2004) up to logarithmic factors. While
numerous algorithms achieve a matching upper bound, including Even-Dar et al. (2006) and
Hassidim et al. (2020), our result in Theorem 1 indicates a tighter bound when there are

many good arms.
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Algorithm 2: Doubling Sequential Halving (DSH)

Input arms: [n]

Initialize T} = [nlog,n], j = j for some arbitrarily chosen j € [n], ji* = —co. Define
the time blocks 77 = {1,..., 71} and T = {71 (21 -1) +1,..., T3 (2* - 1)}, Vk > 2,
which satisfies |T;| = T12F1. k£ =1. An instance of SH denoted by S; with budget
7.

fort=1,2,... do

Pull arm I; according to the recommendation from Sy

Receive reward R; and send it to S,

if t = max7;, then

Set (j,/i*) as the output arm and its empirical mean from the last stage of S
k<k+1
Initialize a new instance of SH denoted by Sy with budget |Tg|

| Output: J; = j and M, = .

We now apply (2.3) to convert a uniform e-error probability bound into a simple regret

bound.
Corollary 4.1. SH satisfies SReg; < (’j(\/?)

The proof is in Section 2.9.2. Note that our bound is minimax optimal up to logarith-
mic factors (Lattimore and Szepesvari, 2020, Exercise 33.1). To our knowledge, the only
algorithm that we are aware of that achieves the minimax simple regret is MOSS (Audibert
et al., 2009; Lattimore et al., 2016a). However, as MOSS is designed to minimize cumulative
regret, it cannot enjoy low instance-dependent bounds for pure exploration tasks (Bubeck
et al., 2011). While uniform sampling can also achieve a near-optimal simple regret, one
can show that uniform sampling can be arbitrarily worse than SH w.r.t. the (e = 0)-error

probability as its sample assignments over the arms are inherently non-adaptive.

Remark 2. In Section 2.9.12, we show that one can adjust T, in Algorithm 1 to achieve the
minimax optimality up to a constant factor (i.e., no logarithmic factors), but it is not clear

if this variant achieves a similar instance-dependent sample complexity as Algorithm 1.

Implications for m > 1. We now show that SH enjoys the optimal worst-case guarantee
for the unverifiable (m,e)-good arm identification problem up to logarithmic factors. Our

result is especially attractive since the target number of good arms m is not an input to SH.
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Our upper bound of Theorem 4 corresponds to a sample complexity of @(%log(%)),
which matches the lower bound in Chaudhuri and Kalyanakrishnan (2017), thereby closing
the gap between the upper and lower bounds from previous work; the algorithms therein have
suboptimal upper bounds that scale with logQ(%). Furthermore, these algorithms all require
(m,e,0) as input, which is natural for obtaining verifiable sample complexities but becomes
a limitation in other settings. In contrast, Theorem 4 allows (m,¢) to be chosen freely to
measure the algorithm’s performance since the parameters for measuring the performance

are no longer necessary for executing the algorithm. Therefore, one can rewrite Theorem 4

as follows:

. 2T
IF’(,uJT <y — s) < min exp(—@(m’8 )) .

B {(m’,a’):Am/ +a’§5}

2.3.2  Anytime version of SH

To support anytime simple regret minimization, we combine SH with the doubling trick (Jun
and Nowak, 2016), which we call Doubling SH (DSH). Specifically, DSH repeatedly runs SH.
The k-th SH receives a doubled budget compared with the (k- 1)-th SH. Before it finishes
k-th SH, it always returns the output of (k- 1)-th SH. The pseudocode can be found in
Algorithm 2. The following theorem shows that DSH enjoys the same guarantee as SH up

to a constant factor.

Theorem 5. Let ¢ € (0,1). A single run of DSH satisfies the following e-error probability

P(j1s, < 11— ) < exp(_é(%(g))),

simultaneously for all T > (:)(maxizg(e)ﬂ é)

This is a direct consequence of the fact that at time ¢, the latest finished SH was run with

a budget of at least ¢/4. The full proof is in Section 2.9.14.
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2.4 Simple Regret in the Data-Poor Regime

Despite the optimality of SH shown in the last section, it requires at least (:)(maxizg(a)ﬂ ﬁ)
samples, which in the worst case could be (:)(n/52) This requirement is unacceptable when
the number of arms n is large (or even infinite) while the fraction of the e-good arms is kept
constant. This setup is commonly referred to as the data-poor regime, where one would like
to return a good arm even before the algorithm samples every arm once.

To cope with the data-poor regime, we take inspiration from BUCB (Katz-Samuels and
Jamieson, 2020) and propose Bracketing SH (BSH) that enjoys a similar guarantee as DSH
but enjoys non-vacuous sample complexity in the data-poor regime. To understand the
bracketing trick, suppose that we uniformly sample a subset of size n/m (0 < m < n) from
the entire arm set [n]. With constant probability, this subset includes at least one of the
top m arms. By applying any pure exploration algorithm to this subset, we expect to find
the best arm within the subset with the sample complexity that scales with n/m rather than
n. Such a subset is called a bracket. Note that there is a natural trade-off here with the
bracket size. If the size is large, we are likely to include many good arms, but the sample
complexity of identifying a good arm becomes large because we have a lot of arms to pull at
least once. On the other hand, if the size is small, we are not likely to include any good arm,
although the sample complexity of identifying an arm that is good relative to the bracket is
small. As we show later, one can precisely work out such a tradeoff mathematically and find
the best bracket size. The challenge is, however, that the best bracket size typically requires
knowledge of the number of good arms.

To avoid requiring such knowledge, BSH adopts the bracketing technique of Katz-Samuels
and Jamieson (2020) that progressively creates a larger and larger bracket size as the time
step t gets larger while invoking a base algorithm for each bracket by cycling through them
(i.e., Round Robin). Specifically, BSH uses DSH as the base algorithm. At each time step,
BSH takes in the estimated best arms and their empirical means from all the brackets and
outputs the one with the largest empirical mean.

We summarize BSH in Algorithm 3 where the operator U ([n], k:) samples k items with

replacement from [n] (uniformly at random). If k& > n, U([n],k) returns [n]. To define
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Algorithm 3: Bracketing SH (BSH)

Input: arms: [n]

Initialize: t =1, B=0, by = 1. Define (1(D), J(D), M (D)) to be the arm to be
pulled next, the current estimated best arm, and its empirical mean from an
algorithm D, respectively.

fort=1,2,3... do

if ¢t > B25 then

B+« B+1
L Sample a bracket A = U([n],n v 2B)
Initialize a new instance of DSH, denoted by Dpg, with the bracket Ag.
Pull arm I; = I(Dy,)
Receive a reward R; from the environment and send R; to Dy,
Output J; = J(D;) where b= arg maxpe[p] M (Ds)
b;+1 ifb<B

b =
ol 1 otherwise

terminology, we say a new bracket is opened when a new bracket is sampled. We set the
bracket-opening schedule such that the B-th bracket is opened at time step (B -1)-258-1.
The arm pulls between the time step (B —1)-25-1 and B- 28 are equally allocated to the
opened brackets (total B of them). We say an arm represents bracket Ag at time step t if
it is the output returned by the DSH on bracket Ag at time step t.

Let us first show the properties of the bracketing technique. The bracketing design ensures
the diversity of the size of opened brackets. Specifically, the smallest bracket has 2 arms,
and the largest bracket has (:)(t) arms. Moreover, it also ensures that all the opened brackets
have received an (order-wise) equal amount of sampling budget at any time.

We now present the e-error probability bound of BSH.

Theorem 6. Let ¢ € (0,1). A single run of BSH satisfies the following e-error probability

t

P(juy — g, > €) < exp| -0
max { Hs(5), % |

9

simultaneously for all t > é(HQ(%))
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The proof is in Section 2.9.16. The key difference between Theorem 5 and Theorem 6 is
the latter does not require the number of samples to be at least T > (:)(maxi>g(€)+1 ALf)

To show the effectiveness of Theorem 6, we now discuss the implication of our result
and compare it with BUCB by Katz-Samuels and Jamieson (2020) using their performance

measure called (e,d)-unverifiable sample complexity.

Definition 1 ((g,d)-unverifiable sample complexity). (Katz-Samuels and Jamieson, 2020).

For an algorithm m and an instance p. Let 7.5 be a stopping time such that
]P’(VtZTE,(;:,th >,u1—€) >1-0.

Then 7.5 is called (e,06)-unverifiable sample complezity of the algorithm with respect to p.

The (&, d)-unverifiable sample complexity indicates how many samples are sufficient for
an algorithm to begin to output an e-good arm with high probability. Compared with the
verifiable sample complexity, it does not require the algorithm to verify the output is e-good.
More discussion can be found in Katz-Samuels and Jamieson (2020). While the verbatim
requirement of (&,d)-unverifiable sample complexity is stronger than the uniform e-error
probability bound, we show that the latter implies the former under a mild assumption in
Section 2.9.20.

To make explicit comparisons, we turn to specific problem instances and show the (g,6)-
unverifiable sample complexity bounds for BUCB (Katz-Samuels and Jamieson, 2020, The-
orem 7) and BSH.

Corollary 6.1. Consider the EqualGap(m) instance. BUCB achieves an expected (e,0)-

unverifiable sample complexity as

E[r.,] < O(%lg(%))

BSH achieves an (e,d)-unverifiable sample complexity as, with probability 1 -6,
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The proof is in Section 2.9.17. In this instance, BUCB and BSH have nearly the same
performance guarantees except that BUCB’s (g,d)-unverifiable sample complexity is stated
as an expected sample complexity. Interestingly, Katz-Samuels and Jamieson (2020, Section
E) remarks that their attempt to derive a high-probability bound resulted in the factor of
In*(1/6), which we believe is due to the suboptimal bound (i.e., no accelerated rates) of their
choice of the base algorithm.

Scaling with n/m instead of n reveals the merit of the (e, d)-unverifiable sample complexity
that was not achieved by the algorithms designed to achieve verifiable sample complexity

such as Median Elimination (Even-Dar et al., 2006).

Corollary 6.2. Consider the Polynomial(c) instance; i.e., A; = (%)a with « > 0.5. For
any € € (0,1), let 7. 5 be the upper bound of the expected (£,9)-unverifiable sample complexity
reported in Katz-Samuels and Jamieson (2020, Theorem 7) for BUCB. Then, BUCB satisfies

E[Ts,a] <Tes = C:)(e_ha_lnlog(%))_

On the other hand, BSH satisfies, with probability 1 -9,

Tes < @(6‘2 log(%)) .

The proof is in Section 2.9.18. The (&, d)-unverifiable sample complexity of BSH for the

Polynomial(«) instance does not scale with the number of arms n polynomially, unlike
BUCB.

For large-scale instances, BSH provides a much stronger guarantee than BUCB. Even
when n is not too large, as long as Ay < e (which implies ea < n), BSH still has a better

sample complexity bound than BUCB.

2.5 Experiments

We test Bracketing SH on a real-world dataset called The New Yorker Cartoon Caption
Contest (Jain et al., 2020). For each cartoon, the editors of The New Yorker collect the eval-
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Figure 2.2: The simple regret comparison between Bracketing UCB and Bracketing SH for the
New Yorker Cartoon Caption contest 780, 781, 782.

uation score of n captions from the participants. Specifically, upon arrival of a participant,
the algorithm sequentially shows a number of captions and receives the evaluation score of
“unfunny”, “somewhat funny”, or “funny”. Following Katz-Samuels and Jamieson (2020),
we use the proportion of times the score was “somewhat funny” or “funny” as the ground
truth mean reward for each caption. We then set the reward distribution as the Bernoulli.
We choose contests 780, 781, and 782, which contain 6509 arms, 5969 arms, and 4389 arms,
respectively.

As we are especially interested in the data-poor regime, we report the performance of the
algorithms up to time step 10,000, which is only about twice larger than the number of arms
in our dataset.

We ran BSH and BUCB with various ¢ choices to see the best version of BUCB, which
was repeated 500 times with a different random seed. We used a desktop with AMD Ryzen
5 PRO 4650GE CPU and 16GB RAM to conduct the experiment, which took two hours to
produce each plot.

We summarize the results in Figure 2.2, where BSH is a clear winner over BUCB. Specif-
ically, in contest 781, at time step 4,000, Bracketing UCB achieves simple regret about 0.18
for 0 = 0.2, while BSH achieves simple regret about 0.11, amounting to 39% improvement.

We explain more on the implementation in Section 2.8.

2.6 Conclusion

Obtaining a uniform e-error probability bound is precisely a way to characterize the distri-

bution function of A ;. induced by a particular algorithm, based on which we believe that a



40

uniform e-error probability bound is a fundamental quantity for any measures for returning
an e-good arm.

As such, we believe our results open up numerous exciting open problems. First, SH does
not achieve an optimal worst-case sample complexity of ©(Z%1n(1/§)) (due to logarithmic
factors). While adjusting its sample allocation scheme does achieve the optimal rate as
we report in the appendix, it does not seem to achieve the usual instance-dependent sam-
ple complexity of (:)(Zi(»s v A;)72) achieved by many existing algorithms. We wonder if a
modified SH or other algorithms can simultaneously be optimal for both sample complexity
measures. Second, another practical pure exploration algorithm is track-and-stop by Gariv-
ier and Kaufmann (2016a) and their variants. They are also parameter-free if we only take

their sampling strategy and not the stopping strategy. It would be interesting to investigate

if track-and-stop achieves similar near-optimal guarantees as DSH.

2.7 Related work

Pure exploration. Pure exploration has a broad position in several closely related re-
search directions, including multi-armed bandits (Audibert and Bubeck, 2010; Karnin et al.,
2013; Carpentier and Locatelli, 2016; Aziz et al., 2018; Karnin et al., 2013; Jamieson et al.,
2014; Garivier and Kaufmann, 2016b; Chen et al., 2017b; Simchowitz et al., 2017; Hassidim
et al., 2020) and reinforcement learning (Even-Dar et al., 2006; Azar et al., 2017; Kaufmann
et al., 2021). Even more, the Monte-Carlo tree search with tree depth 1 is also a pure explo-
ration problem (Kocsis and Szepesvéri, 2006). Even if we only consider multi-armed bandits,
there are various types of problems that have been formulated. Our investigation focuses
on the standard K-armed bandits model. But we note here pure exploration has also been
studied in structured bandits like kernel bandits (Camilleri et al., 2021) and linear bandits
(Soare et al., 2014; Zhu et al., 2022).

Started from Even-Dar et al. (2006); Mannor and Tsitsiklis (2004), pure exploration in K-
armed bandits is studied with the celebrated (&,0)-PAC framework. Mannor and Tsitsiklis
(2004) show a lower bound, which matches the upper bound of Median Elimination in Even-
Dar et al. (2006). The recent work by Hassidim et al. (2020) further shows that it is possible

to achieve 5% log% asymptotically, where the constant factor of 1/2 is the optimal one. Aziz
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et al. (2018) study (e,d)-PAC for the infinitely-armed bandits model, where they model the
infinitely-armed bandits setting as the arm reservoir. Among them, Even-Dar et al. (2006);
Hassidim et al. (2020) focus on the worst-case guarantee. Aziz et al. (2018) provide more
instance-dependent bounds.

Best arm identification. The best arm identification is the factually dominating setting
for studying the pure exploration problem. Specifically, there are two problem setups of
the best arm identification, fixed budget (Audibert and Bubeck, 2010; Karnin et al., 2013;
Carpentier and Locatelli, 2016) and fixed confidence (Karnin et al., 2013; Jamieson et al.,
2014; Garivier and Kaufmann, 2016b; Chen et al., 2017b; Simchowitz et al., 2017; Degenne
and Koolen, 2019). In the fixed budget setting, the algorithm takes a budget as the input
and is required to return an output before exhausting all the sample budget. The paper by
Audibert and Bubeck (2010) is the first one to open up this direction and proposes Successive
Rejects algorithm, which achieves the optimality up to logarithmic factors. The follow-up
work of Karnin et al. (2013) proposes SH algorithm, which is also an elimination-based
algorithm as Successive Reject, but it eliminates empirically bad arms more aggressively. It
was not until Carpentier and Locatelli (2016) SH was proven to be optimal up to doubly-
logarithmic factors.

Many meaningful results have been developed for the fixed confidence setting. To our
knowledge, the paper by Garivier and Kaufmann (2016b) is the first one that claims asymp-
totic optimality. They propose a non-asymptotic lower bound for the sample complexity and
also an algorithm called Track-and-Stop that matches the lower bound asymptotically as ¢
goes to 0. This result is further extended to the setting where the best arm is not unique
(Degenne and Koolen, 2019). Very recently, Balagopalan* et al. (2025) show that there
are much more can be improved for the fixed confidence setting. Specifically, they discover
that some popular fixed confidence algorithms, such as Successive Elimination of Even-Dar
et al. (2006) can run into the situation where the algorithm never stops. A new performance
requirement called Exponential-tailed stopping time is proposed to avoid such a situation,
and they show that even some simple algorithms such as the doubling Sequential Halving of

Zhao et al. (2023) can achieve an Exponential-tailed stopping time. They further propose
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a meta algorithm that can transform any fixed confidence algorithm to a stronger one that
achieves the Exponential-tailed stopping time.

Simple regret. In our opinion, simple regret is the least understood measure for pure
exploration. Though many works claim simple regret as their target, their performance
bounds are either on best arm misidentification or (e,d)-PAC identification. Of course, by
Audibert and Bubeck (2010), one can always use the probability of best arm misidentification
to upper bound simple regret. However, in the data-poor regime, i.e., t < n, the probability
of best arm misidentification is vacuous since we cannot even guarantee each arm has been
sampled at least once. For (g,0)-PAC identification, the algorithm usually requires € as
the input of the algorithm. However, simple regret itself is a parameter-free performance
measure. Perhaps only Carpentier and Valko (2015) truly deals with simple regret directly.
The algorithm of Carpentier and Valko (2015) works for the simple regret minimization
problem since it does not take such a predefined threshold ¢ as the input. There is another
different problem setup in which the algorithm is required to output one of the top-m arms
with e slackness (Chaudhuri and Kalyanakrishnan, 2017, 2019). Though such a problem
setup also characterizes how close the output is to the best one, it still needs m and ¢ as
the input of the algorithm. Recent work by De Heide et al. (2021) proposes an algorithm
that guarantees that it returns one of the m best arms with the same mean reward without
knowledge of m as input to the algorithm. The algorithm of De Heide et al. (2021) works
for both finite and infinite arms settings. However, in light of its limited problem setting
that requires the top m arms to have the same mean reward, it is unclear to us if the result
can be extended to guarantee simple regret or e-error probability bound as we do. The
model of this chapter can be regarded as a generalization of De Heide et al. (2021) because
all the results of De Heide et al. (2021) can be matched with our results up to logarithmic
factors if we consider their setting, but our model does not require the identity among the
optimal arms. Furthermore, we provide analysis on e-error probability, a generalization of
misidentification probability, and analysis on simple regret.

(g,0)-Verifiable and unverifiable sample complexity. The fixed confidence best arm
identification shares some similarities with the (&,0)-PAC identification. For both settings,

the algorithm is required to verify the output can meet the corresponding criteria, simple
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regret of 0 or simple regret of €, with error probability §. Verifiability requires the algorithm
to pull each arm at least once. Therefore the (g, )-PAC is inherently impossible for the data-
poor regime, e.g., t < n. Katz-Samuels and Jamieson (2020) argue (&,0)-PAC is not aligned
with practical usage. They propose the (g, 0)-unverifiable sample complexity, which does not
require the algorithm to verify the output is e-good. Instead, the (e, d)-unverifiable sample
complexity represents the number of samplings that the algorithm minimally needs such that
it has the ability to output an e-good arm. Note the sample complexity of a fixed budget
algorithm (or, to be more accurate, the doubling trick version of the fixed budget algorithm)
also captures the nature of the (g,0)-unverifiable sample complexity. In the reinforcement
learning setting, Dann et al. (2017) also discuss the limitation of (¢,0)-PAC and propose a
notion called Uniform-PAC.

Top-k arm identification. The top-k arm identification problem requires the algorithm
to return k£ arms with the highest mean reward instead of only the best one (Kalyanakrishnan
and Stone, 2010; Kalyanakrishnan et al., 2012; Chen et al., 2017a; Simchowitz et al., 2017).
The seminal work is Kalyanakrishnan and Stone (2010). Their problem formulation is a
direct extension of the (e,0)-PAC identification problem. The goal is to return k& arms that
have mean rewards no less than p;—¢. The worst-case lower bound is shown in Kalyanakrish-
nan et al. (2012). The first instance-dependent lower bound for the k-identification problem
is given by Simchowitz et al. (2017) and Chen et al. (2017a) almost at the same time, to-
gether with the near-optimal algorithms. Zhou et al. (2014) proposes the aggregate regret to
measure the performance of the algorithms for top-k arm identification, which is defined as
the gap between the average reward of the top-k arms and that of the output. The best arm
identification can be regarded as a special case of the top-k arm identification problem. The
similarity is that we are both interested in good arms, but we are measuring the likelihood

of identifying one arm out of the top-k rather than the set of top-k arms.

2.8 Discussion on the Practical Algorithm Implementation

The design of DSH (Algorithm 2) and BSH (Algorithm 3) involves two key ideas, brack-
eting and doubling trick. In practice, both two techniques could be implemented in a more

efficient way. In addition, the base algorithm SH (Algorithm 1) has a commonly used im-
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plementation for reusing samples (Baharav and Tse, 2019b; Jun and Nowak, 2016). We
summarize these strategies as follows for the practitioner’s consideration. However, they
do not make any order-wise difference (not more than logarithmic factors) in terms of the

theoretical guarantee.

e SH: The whole procedure of SH is divided into log, n stages. All the stages are indepen-
dent of each other since the samples of prior stages are abandoned when a new stage
starts, as described in Algorithm 1. In practical usage, one can keep all the samples

since the first stage for the surviving arms.

e DSH: The common doubling trick does not require keeping the samples after finishing
one invocation of the base algorithm. Not requiring to keep the samples is convenient to
implement as we only need to repeatedly initialize a new instance of the base algorithm
with the doubled budget parameter. In fact, for multi-armed bandit problems, keeping
all the samples of prior invocations is beneficial. For the implementation, one can create
a class for the base algorithm SH, and we initialize a new instance of the class with

initial empirical rewards equal to the empirical rewards saved in the prior instance.

e BSH: The bracketing technique does not promise to avoid overlap with the already-
opened brackets. A more practical implementation of BSH is to share the samples
of the same arm across different brackets. Such that the empirical reward is more
accurate. However, reusing sampling across different brackets is meaningless if we
consider the infinitely-armed bandit models. Because, for the infinitely-armed bandit
models, we will not draw exactly the same arm more than once. Thus it is barely

possible to have overlap among the opened brackets.

Note our implementation reported in section 2.5 only uses the first reusing strategy for the

base algorithm SH.
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2.9 Proofs

2.9.1 Implication of Theorem 4 for m =1

The following theorem corresponds to the implication of m =1 of Theorem 4. However,

we prove it independently here.

Theorem 7. For any € € (0,1), the error probability of SH for identifying an £-good arm

satisfies,

IP)(/U <,u1—5)<310g2nexp = T
g 32nlogy,n )

Proof. To avoid redundancy and for the sake of readability, we assume n is of a power of 2.

And define g, = . For

It is easy to verify the result for any n. Let e =¢/4, T" := 10g —.

each stage ¢, define the event GG as
Gy = {maxuzZmax,uZ }
i€Sp41

Thus as long as Mos 22" Gy happens, we have that the arm returned after the final stage is an

e-good arm, because

g =3\ e 3)“ e 1-(3/4)"
g < - -E1=— - - lim —————— =¢.
Yaex(l) e-i3(3) <Sim

Thus, by a union bound,

logy n
P(p, < pa—¢) <P ( N Gg)

<3 P(GY). (2.5)



Let a, be the best arm in Sy,

]P)<G§) = P(G(é:ﬂae < Hap — 55/2) + P(GEM&LM 2 fhay — 86/2)

< IP’([LW < fhay — 54/2) + P(G; | flay, > fa, — 5g/2).

< —i I P(GY | ftg, > —€p/2
S €xp + ( £ | Ha, 2 Ha, gf/ )
2 |54

For the second term,

P(GS | fia, > tta, — 20/2) <P(|{i € Se | jus > pi + 0/2}| 2 1S1/2)
(@) E[‘{Z € S| fti > pi + 64/2}”
- |Sel/2
|Sz|exp(—%%)
TSR
ez T )

=2exp|-—
p( 2 ||

For (a1), we use Markov’s inequality. Then,

2 v =1 / =1 oy
. e; T 9 e T 9 e T
P(Gf)ﬁ?’exp(msd)=3exp(‘(ﬁ) @m)=3exp(‘(§) 327

Taking the above into (2.5), we have

logyn

IP’(/UT <y — 5) < Z ]P’(G;)
=1

logy 1 9 &1 2T
< gexp[-(2] ==
2 eXp( (8) 32

2T
<3log, - exp(—g— )

32nlogyn

).
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2.9.2  Proof of Corollary 4.1

We state the following result that includes two different budget allocation schemes for SH.

The Section 2.9.12 should be read first where we define the two budget allocation schemes:

-1
| | 16

1 1: = —_— = —_— . .

Option 1: Ty LSAUng n]" Option 2: Ty = {81 ( 5 ) €‘

Corollary 4.1. The simple regret of SH satisfies

3
Option 1:SReg, <O nloﬁ n ,  Option 2: SReg; < (’)(\/g)

Proof. The simple regret can be calculated by considering the following integral with respect

to €. We use SH with Option 2. For Option 1, the same analysis holds.

OO

SReg, = - gy > 5) de

(1/\exp -€ —))dg
_f 71d5+f exp(—e Z)ds
n
% T
S\/g+[0 exp(—aQE)de.

We can borrow the result from Gaussian distribution with mean 0 and variance o2,

o ] x2 1
f expl -——= |dx =
0 oV27 202 2

T

Taking 55 = =, we have
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Thus, we have

n
R — .

2.9.8 Proof of Theorem /J

Theorem 4 is an equivalent result to Theorem 8, so the proof of one implies the other.
While Theorem 8 takes a form that is easier to instantiate the bound for specific instances,
Theorem 4 takes a form that is easier to prove. Thus, we choose to prove Theorem 4 directly,
leaving the proof of Theorem 8 as a consequence of Theorem 4.

Let us first provide an intuitive explanation. Imagine one possible ‘typical” scenario where,
in each stage, the set of surviving arms for the next stage happens to maintain the fraction
of good arms as at least m/n. This means that, after ©(log, m) stages, we expect to have
at least one good arm in the surviving arm set. The number of surviving arms at that time
is around n/m. At this point, the rest of the procedure can be analyzed by the standard
analysis of SH where the goal is to find the arm that is the best in the current surviving
arm set. Thus, it remains to bound how likely it is to have the ‘typical’ event above. That
is, we would like to bound the failure probability of this event at each stage as tightly as
possible. Bounding this failure probability is our key technical innovation (Proposition 9),
which promotes the fast rate of the failure probability that improves as a function of the
number of good arms. Another key technical step of the proof is a careful design of events
that would guarantee the chosen arm’s suboptimality in the last stage to be at most ¢, which

requires splitting € into smaller pieces to be distributed over the stages.

Theorem 4. For any m <n and any € € (0,1), the error probability of SH for identifying

an (m,e)-good arm satisfies

el
4nlog3(2m)log,n

- ln(4e)) :

IP’(,uJT < g — 8) <log, n-exp —const-m(
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(In(4e)+Inln n)nlog%(Qm) logyn XN n
-0(%).

Thus, there exist a positive constant ¢, such that for T > ¢, =

. 2
IP’(,uJT < i — 8) < exp(—@(mg)),

n

where, © means ignoring the logarithmic factors of m,n and constants.

Proof. Let us consider the case of m <n/2 first.

2log, m? log, n

Let ¢* = [logym], €' = 5—=—, T" := [ T 1 And g, denotes the number of (m, ¢-")-good

arms after finishing stage £ € [[log2 m]] For stage ¢, we define the event G, as,
Gy = {gg > 2_£~m} .

Specifically, we have Gy« to be the event that the number of (m, €/2)-good arms after finishing

stage £* is at least 1. We define G+, as the algorithm succeeds to return an arm in Top,, (&),

Geesr = {fy 2 fim — €}

Then the event N,_i' Gy is a possible path the algorithm returns an arm in Top,,(¢) in the
end. Thus the probability of missing all of the (m,e)-good arms can be upper bounded
as follows. Define F, = (ﬂf;ll GZ-) nGg for £ > 1, Fy = Gf. Since ﬂfi{l Gy ¢ Gy+,1 1implies
Gy = {par <pm=c} e (N Ge)

05 +1 ¢
P(/.LJT <um—€) <P (ﬂ Gg)
-1

X +1
-p[ R,
/=1
(al)f’”rl /-1
<X P(Gz N Gi)
/=1 =1
0 /-1 *
:EZ]P’(G; | ﬂGi) +P G |G| (2.6)
=1 i=

i=1

For (a1), we use P(A, B) <P(A|B).
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For the first term of (2.6), we apply the result of Proposition 9 to each stage of SH with
the parameters therein as k = 27¢m,s = 27%n, m’ = 2~%*lm, e = ¢’, and T = T". Thus, for

stage £,

P(G5| Gi1)

c (2—£+1,m) 2—6 6’2T' +( 2—€+1,n ) 2—4( ) 8'2T'
< expl — Mm— expl — (n-—m)-

2L p 2.90-(t-1) ., 9-t.(n —m) p 591
(a3

) » &JQTI » 5’2T,
< hf,l exp(—2 mm) + h&g exp(—2 (n - m)m

me2T’ n—-me?T’
< hgqexp ) + heoexp| -

2n 2 2n

(aq) me2T’ ne2T"
< h _m h _n 2.7
Z’16Xp( 2 on )+ f’QeXp( 1 2n ) (2.7)

T
< exp _n i +In(2¢e)27%m
2 2nlog; mlog,n

T
+exp e i +1n(4e)27%(n - m)
4 2nlog; mlogy,n

e2T »
<exp|-m 5 -2In(4e)2
4nlog; mlog, n
T
+exp . i ~21In(4e)27*
2\ 4nlog;mlog, n

e2T »
<2exp|-m 5 -21n(4e)2
4dnlog; mlog, n

where (as) is (Q;Tmm) < (2)2"m =: by, (Sterling’s formula (gyc) < (%)y) and (2_2[2217;)) <

(2en/(n —m))2 “(=m) < (4€)2" = hyy and (ay) is by the assumption m < n/2.

Then we have,

e 2
ZIP’(G; | Go_1) < const-log, m- exp(—m( Sl - 1n(4e))). (2.8)

= 4nlogsmlog, n

For the second term of (2.6), G%.,, | G¢+ indicates the events where SH fails to return an

(m,e)-good arm given the event that there is at least one (m,e/2)-good arm after finishing
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stage ¢*. Note the stages from ¢* to the last stage can be regarded as a whole process of
SH with a budget ([log2 n|- E*)T’ > const- logQ(%)@. The initial arms are the surviving
arms after finishing stage ¢*. Note we have 2¢-n = n/m arms surviving, denoted by Sy,
after finishing stage ¢*. Let ¢ be the index of the true best arm in Sy«. Due to the event G-,

we have pi. > i, = 5. Then, by applying the result of Theorem 7,

P(Gfyy | Ger) = Py < pim =€ | Gi2)

3
.

n m 82([1(’%2 n| _E*)T,
< 310g2(g)’eXp(_1_28 nlogy(Z)

2T
< logz(ﬁ)-exp(—const-m 16 ) : (2.9)
m nlog,n

Bringing (2.8),(2.9) into (2.6), we have,

e2T
4nlogi(m)log,n

- ln(4e)) :

IP’(,uJT < oy — 5) < log, n-exp —const-m(

Note the above analysis is for m > 1. To incorporate the result of Theorem 7 for m =1, we

rewrite the final formula as

e2r
4nlogi(2m)log,n

- ln(4e)) .

]P’(,uJT < Yy — 5) < log, n-exp —const-m(

(In(4e)+In lnn)nlogg(Qm) logon é
€2 - (

E

)

Thus, there exist a positive constant ¢; such that for T > ¢;

. 2
IP’(,uJT < i — 5) < exp(—@(m#)).

)

€

For the case of m > n/2, we consider

]P)(:U’JT < Hm _8) < ]P)(:U’JT < HUnj2 — 5)-
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Thus, one can repeat the same analysis as above with m replaced by n/2. Using m/2 <n/2 <

m, the statement of this theorem holds. n

The result of Theorem 4 directly improves the previous works including (’)(# log2(§))
of Chaudhuri and Kalyanakrishnan (2017), and o(é(%log@) +1og2(§))) of Chaudhuri
and Kalyanakrishnan (2019). They share a similar strategy that, assuming the knowledge of
m, e and d, uniformly samples @(% leg(%)) arms first and then runs the Median-Elimination
algorithm of Even-Dar et al. (2006) or LUCB of Kaufmann and Kalyanakrishnan (2013) for
this subset.

2.9.4 Proof of Theorem 8

Theorem 8. For any € € (0,1), the error probability of SH for identifying an £-good arm

satisfies,

e”?r
4nlog3(2m’) log, n

- ln(4e)) :

IP’(/UT <y - 5) < min log, n-exp —const~m’(

- {(m!,e"):Ar+e’<e}

Proof. Note the result we proved in Theorem 4 holds for any m <n and any ¢ € (0,1). Thus
IP’(,uJT <y - 5) can be upper bounded for any (m’,&’) € {(m’,s’) AN 6}. The result
is therefore implied. O
2.9.5 Proof of Theorem 1

Theorem 1. For any € € [0,1), the e-error probability of SH satisfies

T

7 1
MaX;>g(e)+1 A? 'g(é)
2

IP’(,uJT < —5) <exp -0

for T > (:)(maxizg(g)ﬂ é)

Proof. To avoid redundancy and for the sake of readability, we assume n is of a power of
2. It is easy to verify the result for any n. Recall g(%) is the number of $-good arms in

the instance, and gg(%) is the number of 5-good arms at the beginning of stage £. Thus
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gl(g) = g(%) Let ¢/ = max{l <l <logy(n)—-2] Ap > 5}. There are three cases we need to

consider:
o (' =logyn —2.
o 1<V <logyn—2.
e Such an ¢’ does not exist.

The last case that such a ¢’ does not exit means ¢ > A%, which means that the instance
has ©(n) amount of e-good arms, therefore an easy instance. We address this case at the
end of the proof.

Case 1. /(' =logyn -2
In this case, we have Ay > ¢, then the problem is a fixed budget best arm identification
problem rather than an e-good arm identification problem. Since g(¢) = g(%) =1 for Ay > ¢,

the theorem statement reduces to

T

]P)(/Ll—,lLJT >5) Sexp —é —
max;>o AZ

)

which is a trivial consequence of Karnin et al. (2013, Theorem 4.1) under the theorem’s
condition on 7.
Case 2. 1</ <logyn -2

For 1 </’ <logyn -2, recall that |4, = 57r. One can show that
|Ag/+1|/4 < 9(6) < |Agl|/4 and A|Ae'+1‘/4 < Ag(g) <e< A|Az'|/4 . (210)

For ¢ € [¢' + 1], define the good event for stage ¢ as

oo ool sl ]

Note (G7 holds with probability 1. Define m' := [ a(5) “ = é(g(%)) Intuitively, we allow at

2logyn

most m’ of 5-good arms to be eliminated per stage in the initial phases, i.e., £ € [/ + 1] of
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running a Sequential Halving. The e-error probability can be expressed as

P(jur = gy > €) =P(p1 = iy, > £,0{5 G ) + P(m — iy > €, (mﬁ’glee)c).

Since
]P’(ul = [Lip > €, ﬂﬁ':ElGe) < JP’(m —fLyy > €| ﬁﬁ':;Ge),
and
, c , c 4
P(Ml ~Hp > &, (nﬁzglGe) ) < P((mﬁf;G@) ) < ZP(GEH | ”f:lGi)7
=1
we have
Z/
P(p1 - pgy > ) < IP(M — gy > €| m‘é’j;Gg) + 3 P(GS, | 0, Gi). (2.11)
=1

We bound the two terms in (2.11) respectively.

We start with the second term. Let ¢ € [¢/]. To bound P(GS,, | n,G;) with Lemma 9.1,
we need to relate the quantities in stage ¢ with those in Lemma 9.1.

We first claim that, given nf_|G;, the event G¢,, implies that there are at least m’ of
$-good arms that are eliminated during the stage /, i.e., g¢(5) — gr1(5) > m'.

To see why, we have by n’_,G;,

()2 [

and by GY,,,

WERERECE



Therefore, using [z + y| - [z] + 1 > [y], we have

95

2log, 2logyn

ge( ) - gm() [(—)} [(f 1) o15)

which proves the claim.

l [2?(5{271“ =

Define A, as the set of surviving arms at the beginning of stage ¢, A,; as i-th best arm

in Ay (ties are broken arbitrarily), and A,[L+1: R]:

{Agl,l €

L]} Let dy(g) be the

smallest gap of the mean rewards between any two arms chosen from A, [2,% +1: 2%] and

Ay [1 : gg(g):l respectively, i.e.,

. : n
dg(e):mm{,ui—yj |j€Ag|:%+1:

The definition of d,(¢) is same as d, of Lemma 9.1.
A,
Define Sy(g) == 27+

n-2-€+1

We can now apply Lemma 9.1 with T"'=T",s =

P(G;ﬂ | mf:lGi)

,d2(e)T"
m 8n-2-t+1

ay gg(é) ,d?(é‘)T’ 7’L'27£+1
S( m3 )exp(—m 8n-2-t+1 " no-t )P\

+

n d?(e)T’)

2641 80441

a 2T [egi(s) n d?(e)T'

<expl-m W m'In T } +expl| — 201 Q0 Z+1
m/ A2z+1T, 1 egf(%) n AieﬁlT,

SOP| T g T T | TP T o it

2 exp(—(:)(m’Sg(&?)T)) + exp(—é( ST Sg(€)T))

where,

5,k =m', and ¢ =

n
t o8 In(2e)

] aeauaf3)]}

By Lemma 8.1, we have d,

o1 as follows:

3p.-t+1 1 d?(e)T"
4" —041 | %
(%n-2‘5+1 +m/ )e p( (471 2 am )Sn-Q‘“l

1 (26))

(de(e) 2 30 2

2[+1 )
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e by is by (:y”) < (Z/) for 2’ > » and max, (”y”) = ([;/CQJ) = ([Jz]),
e b, is by upper bounding the binomial coefficients by Sterling’s formula (z) < (%)y and

moving the coefficients into the exponent.

o b3 isby T > é(#(a)) which is implied by T" > C:)(maxizg(a)ﬂ ﬁ) in the theorem state-

ment.

By the definition of ¢ and the fact of £ € [¢'], we have

A n >e.

20+1

By the definition of g(%), we have

Thus

2fl+1

€
A _n_ —Ag(%) > 5,

which means 577 > g(%) > m'/. We continue to upper bound (2.12). For T > (:)(541(6)), we

have

n

(m'Sg(E)T)) + exp(—(:)( ST Sg(e)T))

< exp(—@(m'Sg(e)T)) + exp(—é(m'Sg(g)T)>

son(-6(s(3)s107)) (' =6(s(3))

(2.13)

P(G;H | mf;lGi) Sexp(_

Next, we bound the first term in (2.11). The stages ¢ > ¢/ + 1 can be viewed as a new

Sequential Halving game with Ay, as the initial arm set, gwu(%) of which are $-good.
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When mf:ilGi happens, we have, as ¢’ < log, n,

o)) [ e ofs) - [ 42 o)

By Lemma 8.2, a (gg/+1(§), M) good arm in Ay, returned after finishing the final stage

of Sequential Halving is an e-good arm. We define p,,(A) as the m-th largest value in

{u; + j € A}. We apply Theorem 4 and set m,n,c of Theorem 4 as m = gml(%),n =

|Api1|,e = #. To apply Theorem 4, we need the condition of T" > (:)(8%) in Theorem

4 to be true, which means we need T > (:)(LA;"A) Note by (2.10), we have 55 < g(e),
g(e)+1

thus [Ap| = 57 < 4g(e) < 4(g() +1). Using this bound and the condition on T from

the theorem statement, we have T > (:)(maxizg(g)ﬂ ﬁ) > (:)(z(fi) > @( s ) So, the

g(e)+1 g(5)+1
condition of Theorem 4 is satisfied. Then, we have

P(ul — gy > €| ﬁf/:JilGi)

SIP’(,qu () (Api1) = g > Ag(a)ﬂ | r‘nZ it ) (Lemma 8.2)
T/

(s)+1 = (e)+1
, ) ro(x2)
P ( 2 |Agl+1| ( A3(5)+1 )

T/
(e)+1 =

<e . g . ’ £) = @ £

Xp (g g(€)+1)) (ger+1(5) (9(2)))

(2.14)

The role of considering ¢’ is that as long as the Sequential Halving goes well (m‘f/:lGi
happens) the ratio of $-good arms to the all surviving arms is increasing to g( ) /g(e) after
finishing stage ¢'. Specifically, for the Polynomial(«) instance of our interest where A; = (ﬁ)a

with a > 0.5, g(%) /g(€) can be lower bounded by a constant. The last step is to combine
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(2.13) and (2.14). For T' > (:)(maxizg(s)ﬂ ALZ), we have

6/
P(:U’l — Hip > 5) SIP)(:U’l ~Hir > € | ﬁg:Qng) + ZP(GZ—I | r-]zlleGi)
=1
<expl -6 (E)M +log(n) 6 (f in S,(2)T
S exp g 5 4(9(6) N 1) og(n ) exp g 5 rg?g’l ¢\ E

)
~| . € A?](a)+l e\ .
<exp| -©| min {g(g)m, 9(5) min Sg(&?)} T)

v
@
B
o)
gl
v
<
o
T
-
l>|s.
=)
N —
N—

T
. A2 AZ,
<exp| -© g(i)-min gle)+1 ,min —2— 4T
2 M i 1)

~ A?
<exp|-© g(g) min —,ZT)

i>g(e)+1 1

~ T
=exp| -©

7 1
max;>g(e)+1 A? .g(é)
2

Case 3. /¢ does not exist

This case condition implies that Az <&, which means the number of e-good arms is ©(n),

so we can use (2.14) solely to claim our bound. O

Lemma 8.1. In the case of 1 <{' <logyn—2, for L € [{'], define dy(¢) as the minimum gap
of the mean rewards between any two arms chosen from Ay [2[% +1: 21,%] and Ay [1 : gg(%)]

respectively,

. : n n : €
dy(e) = mm{m — | VjeA [W +1: %] ,Vie Ay ll : ge(i)]}

Then dy(¢) satisfies
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Proof. By definition, we have A, c A;, which implies the i-th best arm in A, has an mean

reward lower than or equal to the i-th best arm in A;. Then we have

. n n . n n
maX{,ui|Z€Ag|:%+1i%]}SmaX{Mi|Z€A1|:%+1Z%]}

S Pt

:[Ll_AL

ol+1 :

Also,

min {,u,»,z' €Ay, [1 : gg(%)]} >y — %

£ and Vie A [1:gi(5)],

&

Therefore for Vje A, [2,21 +1:

\}

Mi_ﬂjzul_g_(ﬂl_Aﬁ):Ai_i-

2fl+1 2

Since ¢ € [¢'], by the definition of ¢' we have

A n >e¢.

20+1

Thus

7+1 7 9 v
> A -2 4 _2 < 2
HimHi= S5 757 7y 2 2779

]

Lemma 8.2. A (gml(g), %)-good arm in Apq returned after finishing the final stage

of Sequential Halving is an £-good arm.

Proof. We first claim that

Aj.>e = A >0y -
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To see this, for the forward direction, we have Ay > e > Ay.). For the other direction, if

Ay, > Ay is true, then Jp > g(e). This means that A;, >e. Then, we can also show that
Aj.>e = Aj 2 Aoy,
which can be shown easily by showing
Ajr 2 Dgeynn == Ay > Do)

Define A,,(A) to be the m-th smallest value in {A; :i € A}. Then, we have Age, (g)(Aml) <
+1\ 2
%5. Using the fact that € < Ay(.y,1, we have

Ayp 2 Rg(e)e = Agzul(%)(AZ’H) + Bg(ey1 - Agzul(%)(AE,H)
1
2 Ag[/+1(%)(143!+1) + A9(5)+1 - 56
1
> Age,ﬂ(%)(Af’ﬁ—l) + §Ag(a)+1- (6 < Ag(€)+1)

By defining 41,,,(A) as the m-th largest value in {y; : j € A}, the above equivalently means
1
far <ty (5)(Ae) = 580

Therefore the output is not a (gml(%), #)—good arm in Agp,q. Our claim holds by

contraposition. O

2.9.6  Proof of Corollary 1.1

Corollary 1.1. For the Polynomial(«) instance where A; = (%)a with o> 0.5, we have

7 1 4
H = —_—— < —.
2(2) izrﬁ?)}il A? 9(%) g2
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Proof.
1 1 190 2 1 1/a\1-22 o 1
max —- = max ¢ ““n* a<(n a) @ ~-<
izg(e)+1 A2 (%) i>g(e)+1 n(%)l/ n(%)l/ €
where both the last inequality and the last equality are by a > 0.5. O

2.9.7 Proof of Corollary 2.1

Corollary 2.1. Katz-Samuels and Jamieson (2020) shows a lower bound of the sample

complezity for identifying an €-good arm that scales as

(05 5 (%) a)

=g9(e)+1 g(e)+1

o(5)

In the case that g(g) and g(%) have the same order 6] is irrelevant to €), the sample

complexity measure Hy(e) satisfies

2
H'"(e) § Hy(e) S H"(e) + 55—,

g(e)+1

where < hides logarithms of n and constants.
Proof.

1 2”: 1 1
g({—j) i=g(e)+1 A2 A3(5)+1
1 i 11 1

9(€) ig@er A7 A§(5)+1

<o Loy Lo
<— X ——-

g(€) izg(e)+1 Af img(@)+1 b Az(a)+1
(a1) 1

<

g(g) z>g(6)+1 A2
9(5)
g(e)
L9(5)
9(6

Hlow(g) —

-log(2n) -

g(s)+1

H(g)-log(2n) - A

g(e)+1

Hy(e)-log(2n),
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for (a1), we use Z?:g(g)% < Yiepn] § < log(2n), which can be found in Audibert and Bubeck
(2010). On the other hand,

1 n 1 1
Hlow(g) - Z -
g9(e) i=g(e)+1 A? Az(s)+1
1 i—g(e) 1
>——— max -
g(e) i>g(e)+1 Alz A§(€)+1
L e e 1
g(e)\izge)1 AT A7 Al
1 i g(e) 1
>——| max — - -
g(e) (i29(5)+1 A? A?,(e)u ) A§<s>+1
1 7 2
=—— max —5 - ————
g(a) i>g(e)+1 A? A3(€)+1
9(5) 2
g g(e)+1

2.9.8 Proof of Theorem 3

For an n-armed bandit instance v and a fixed value of ¢ > 0, consider a partition of the
arms of v, A= {[g(g)], [g(e) +1:2g(e)],...,[n—g(e)+1: n]}, where we avoid rounding by
making the assumption that n is an integer multiple of g(g). We use A; := [(i-1)-g(¢) : i-g(¢)]
to denote the subsets of the partition 4. Making use of this partition, we define

~ nfg(e) _
H(ve):= ) AZ,

1=2

where for an arbitrary set of arms A ¢ [n] we define Ay = maxjcq Aj, the largest gap among

the arms in A.

Proof of Theorem 3. The proof structure follows Carpentier and Locatelli (2016, Theorem
1). Fix n>2, ¢ >0 an n-armed unit-variance gaussian instance v and an arbitrary policy 7.
Let P, . denote the probability measure over interaction histories induced by the interaction

of m with instance v. Without loss of generality, we take the arm means of v to be ordered



63

such that gy > pio > ... > p,. Understanding g(e) to refer to the number of e-good arms on
v, we define instances v’ for i € [2:n/g(e)] from v by setting v} = v; for j ¢ A;, and setting
,uz. = p; + 2A; for j € A;. Each instance v% has g(e) e-good arms with indices in A4;, and
H(vi,e) < H(v,e) = a for all i € [2:n/g(e)].

We will make use of a change of measure between v and these alternate instances, restricted
on an event on which the interaction histories on v and v* are hard to distinguish from one

another:

&= {Z;Zj;]l{[t :]} [Ai(]) - (1 +p)KL(V;ij)] <

t=1j

1Og(1/5)},

|

dw;(X¢)
dvi(X:)

where A%(j) = log( ) for ie[2:n/g(e)], and p > 0 is a parameter to be chosen later.

Lemma 8.3 (Jun and Zhang (2022, Lemma 10)). For all i € [2:n/g(e)] and arbitrary ,
p>0, and 0 € (0,1),
P, (&) >1-6.

We can now prove the result. Denoting the number of times arm j € [n] has been pulled in
T rounds of interaction by N;(T), let t; =E, » [ZjeAi Nj(T)] be the expected number of pulls
that arm group A; receives, for i € [2:n/g(e)]. By Markov’s inequality, for all i € [2:n/g(e)]

we have

Pm( S Ny(T) 2 6ti) <1/6.

JeA;

Defining the event

Ei={Jie Ai}n{&}n { Z N;(T) < Gti}

JjeA;

for i € [2:n/g(e)] and setting 0 = 1/6 in Lemma 8.3, for all i € [2:n/g(¢)] and arbitrary 7
IP)I/,TF(Ei) 2 1_(1/6+1/6+£) = 2/3_€a

where £ :=P, - (J; ¢ A1).
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It follows that for i € [2:n/g(e)]

Pui,W(Jt ¢ AZ) > Pyi,w(t]t € -Al)
ZPV@'J(Ei).

Making use of a standard change of measure technique for bandits (Audibert et al., 2010),

we have

]P)l/i,ﬂ'(Ei) = El/,ﬂ'

1{E;} exp(—é ZA. 1{I; = a} Ai(i))]

>E, |1 {Ei}exp( é ZA 1{I, =7} 2KL(V;, V) — log(6))]

(on E;, taking p=1 and § = 1/6)

>E, . I[{Ei}exp( > AN;(T): maXA2 log(G))]

JeA;

(evaluating the KL-divergence)

- % v | 1 {Ez-}exp( > 4AN(T) YA ) (definition of A 4)
aeA;
> éEym [IL {E;} exp(—24tiA?4i)] (on E;)
1 .

If € > 1/2, the result follows. Otherwise if £ < 1/2; then P,(£;) > 1/6 and it follows that
P, (Ji ¢ Ai) 2 3 exp(-244:A% ).
Observing that H(e,v) = n/g(g) A 4, and Z:L:/In t; = T, there exists some i € [2: n/g(e)]

such that
T T

< — _ _
H(s,y)Ai\i al?

Y

which can easily be shown by way of contradiction. For this i, by our display above, we have

max {Pyz (St AP (T ¢ .Al)} > max{l/Q exp( 24T/a)}.
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Proof of Lemma 3.1. To see this, for a given value of n and a > 1/2, fix € < 1/2. We have

n/g(e) _

H(e)= ) AZ
i=2
) n/i(:g)( n )2&
= \ig(e)
§ n 20 ['n/g(e)
“\y(e) i=2
2
nfg(e)+1
Ny U / x72%dx
g9(e) 2
2a e /eyt
> o f x72%dx
9(¢) 2
1 272041 _ (E—l/oc n 1)‘2‘“1
- ? 200 -1
1 | 272041 = (21/a 4 1)72’”1
> PR
T g2 200 -1

2.9.10 Analysis of the uniform sampling

(Polynomial(«) instance)

i+1
> [ x2ada::| (x72@ decreases monotonically on z > 0, for o > 0)
7

((m)a < ¢, by definition of g(z).)

n

(assuming € < 1/2)

Uniform sampling means the algorithm that takes a budget 7" as the input and equally

allocates the budget to all the arms. Define Top,,(¢) = {i: p; > p,, —€} and a shortcut of

Top,, = Top,,(0).

Proposition 9. Suppose we run the uniform sampling on a n-armed bandit with a budget T

and output the s arms with the largest empirical rewards. Let Cr(s,m’,€) be the (m/ e)-good

arms of the output. Then,

IP’(‘CT(S,m’,s)‘ < k:) < ( m' )exp(—(m’ - k:)i:—g) + (

m' -k

n- |Topmf(5)\) exp(_(s - k)i—:).

s—k
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This proposition is where our key contribution is rooted at. We show that our bound is

tight for the uniform sampling in Section 2.9.11.

Proof. Step 1
We claim that the intersection of the two conditions below is a sufficient condition for

‘C’T(s,m’,e)‘ > k.

>k+1.

{i € Topy « fui > i - 5

{z’ € TopS, ()« fu; < s + %} > ‘Topfn,(€)| -s+k+1.

If all arms in {z e Top,,,/  fbi > i — %} are included in the output, the claim naturally holds.
Thus we focus on the situation where at least one of the arms in {z € Top,,, : fu; > p; — %} is
not included in the output. We prove the claim by contradiction. Suppose ‘C’T(s, m', 5)‘ <k.

Then the output includes no less than s — k non-(m/, €)-good arms. Since
s —k +|Topg, ()| - s + k+ 1 =|Top;, (g)| + 1 > |Topi, (¢)],

at least one arm in {z € Topy, (€)= fu; < pu; + %} is included in the output. To be more spe-
cific, there must exist overlap between {z € Topy, (€) « fu; < p; + %} and the set of the non-
(m/,e)-good arms included in the output; otherwise the union of these two sets is even
larger than the set of all the non-(m’,e)-good arms we have in the entire arm set. Addi-
tionally, all arms in {7, € Tops (&)« fu; < i + %} have less empirical rewards than any arms
in {z € Top,,,r * fti > i — %} Thus the output includes all arms in {z € Top,,, : fti > i — %} as
well. This leads to the contradiction with our supposition that at least one of the arms in

{2' € Top,,, * fb; > p; — %} are not included in the output.

Step 2

We apply union bound and Hoeffding’s inequality for the event that at least one of the two
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conditions does not hold.

P(‘CT(S,m”{S)‘Sk ]P’( {zeTopm, ul>m—§}
A
zp(

+P

<k+1)

|T0pm (e)‘ -s+k+ 1)

Zm’—k)
Zs—k;)

<P(3Ac Top,,,s.t. |A| = m'—kandVieA,,&ig,ui—%)

+P(3A c Top;, (€),s.t. |[A|=s—kand Vie A, fi; > pu; + %)

(" oo = 050 ) (P g5 102T )

O

i € Topp,(e) : fly < i + }

{Z € Top,, * fli < i = %}

zeTOPm(€ ﬂ¢2ui+g}

IN

Lemma 9.1. Suppose we run the uniform sampling on a n-armed bandit with a budget of T
and output the s arms with the largest empirical rewards. Let Cp(s,e) be the e-good arms in
the output. Assume s> g(e) with g() being the number of e-good arms. Let q be a parameter

satisfying g(€) < q <s and dq = fig(e) = fhgs1, then

IP>(‘CT(S’E)|Sg(s)_k)S(g(/:))eXp( kdgT) ( e )exp( (S—q+k)d2T)

8n -q+k 8n

FEspecially for Sequential Halving where s = 5, choosing q =7 we have

#{Jer (3

g(e)) dgT ( T ) (n )dﬁT
< -k -k— -=+k)—|
<g(e) ) < ( . exp( ™ - expl—{ + k)<
Proof. The event

{|CT(S,€)‘ <g(e) - k}
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implies that there are at least k e-good arms eliminated. Since g(¢) < g < s, the s output
arms include at most ¢ — k arms that are from the best ¢ arms {Z | i > ,uq}. Such that, the s
output arms include at least s — g + k£ arms that are from the worst n — ¢ arms {z | s < ,uq};
otherwise, the number of outputs is even less than s. Denote the set of eliminated arms that
are e-good as A’, and the set of output arms that are from the worst n — ¢ arms as B’, we

have |A’| > k,|B’| > s — g + k. We then have the existence of A, B satisfying
{34<[g(e)]. 141 = k,3B < [n]\[a], Bl = s - g + k,s:t., Vie A j e B,jis < iy .

The above implication can also be seen as a generalization of the technique of Karnin et al.

(2013). We then have

d d
{ElAc[g(f—:)],|A|:k,E|Bc[n]\[q],|B|:s—q+k5,s.t., Vz‘eA,jeB,ﬂiSui—Eq or [sz,uj+§q}.

By the distributive law of Boolean algebra, we have at least one of the following two holds,

d
{HA c[g(e)] Al = k,s.t., Vi€ A, i < pu - 5‘1}

or

d
{EIBC[n]\[Q]>|B|:s—q+k:,s.t.,jeB,ﬂjzﬂj+§q}_
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Thereby the probability of {‘CT(S, 5)‘ <g(e) - k} can be upper bounded as

P(‘CT(S, &) <g(e) - k;)

d
SP(HA c[g(e)],|Al = k,s.t., Vie A, fi; < p; - Eq)

d
+]P’(EIBC[n]\[q],|B|=S—q+/€,S-t-ajGBaﬂjZNJ”L_q)

2
(%) (e (%)
2n s—q+k 2n

:(Q(I:)) exp(—k‘cg—:) + (s ?q_j—]k) exp(—(s -q+ k)?—:)

S(g(]:))exp —k )exp -(s—q+k)

2.9.11 Lower bound for uniform sampling

Theorem 10. Consider a family £(n,m,e) of all two-level univariate Gaussian bandit in-
stances with n arms, of which m arms have mean € > 0 and all other arms have to mean
0. We consider the problem in which samples are drawn from some instance 6 € E(n,m,¢)
in an off-line, uniform fashion with B samples from each arm (i.e., with a total sampling
budget of T samples, B = T/n ignoring integer effects) and a subset of arms S < [n] of
size s 1is then chosen based only on the observed samples (i.e., without knowledge of 6)
in a symmetric fashion. Here ‘symmetric’ is taken to mean that for any subset S ¢ [n],
Py(S=8) = Po(g)(S =0(S)) where o € ¥, is an element of the permutation group on sets of
size n, and o(S) is taken to mean the element-wise application of o to the elements of S.'

That is to say that the choice ofS' is independent of the specific indices of the arms chosen.

!Note that the assumption of a symmetric selection S is equivalent to considering a lower bound for
general selections S in the face of a uniform mixture over all permutations of 6 (see Simchowitz et al. (2017)
for a more in-depth discussion)
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Suppose m < s Anf3 and s < 5n. Let My be the number of false negatives (i.e. || 2) Then,

there exists 0 € E(n,m,e) s.t.

3
| 1 6n—s\e" 1
Py(My > —m) >min| =, 2 2n7s exp|—|1+ 16-% m Be?
4 2 5 s In (§.2=2)

where Py is the probability measure induced by sampling from instance 6.

Proof. Let 6 = (g,...,£,0,...,0) e R" with £ > 0 be a vector of mean rewards for each arm
where the first m coordinates are nonzero. Let S € [n] be the output of the algorithm (recall
|§ | = s). Let My be the number of false negatives when taking S as the prediction for the
true support [s] of 6. Let Q, c 2[7) be the collection of all subsets of [n] of size s such that

My = a. For convenience, let ~ = gm. Let k = %5.

6 PQ(M9>T)’L k‘ Z P@(Mg —CL)

a=m—k

> 55: ]PQ(MQ =a).
a=3y
Let first(Q,) be the first member of Q, in lexicographic order. For example, first(tQ,) =
[a+1:a+s] where [A: B] .= {A;A+1,...,B}. Then, by symmetry, one can see that
Py(My = a) = |Qa|Po(S = first(Q,)).
We consider the event on which the ‘empirical KL-divergence’ concentrates, which can be

shown to be true with probability at least 1 -4 by Jun and Zhang (2020, Lemma 5):

B .

S por(Xis Ay = Z)) = 1

conc(6',0) = ln( : — |- (1+p)B)> KL(0.,0;) < —1In(1/) ;.
{; tz; Po(Xid A =1) ; P

We now employ a change of measure argument to Py(S = first(Q,)) and switch 0 with ¢’

that would result in My = a -3y =:b. For a € [3y: 5], this can be achieved with the choice

of @ =(0,...,0,e,...,£,0,...,0) that is supported on [3y+1:m +37v]. Let © be the set of
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permutations of 6. Then,

Py(Mjy = a)
= |QalPo(S =first(Qn))
> 1Qul Por(S = first(Qu), conc(#, 6)) exp(~(1 + p)2mB-(<2/2) - p™ In(1/3))
(change of measure; p > 0)
> |Qul P (S = first(Qu), Noenconc(¢/, o (6))) exp(~(1 + p)ymB= - p In(1/5))
(X: symmetric group of [n])

> |Qa|Py(S = first(Qy), Nyesconc(, () exp(~(1 + p)mBe® - p'In(1/8))  (symmetry)

- 3 B0 b sconc(.0(6)) exp(-(L+ (hmBE —  1UE) (st
> [l (Pg(Mg =b) - |@|5) exp (—(1 +p)mBe? - p! ln(1/5)) :

1@l
(P(A, B) >P(A) - P(B¢); union bound over {c(0):0 € X})

Thus,

%f HDQ(AZb = a)

a=3v
> min lQal Py( My € [0:27]) =(27 +1)|0]6 | exp (—(1 +p)mBe* - p! ln(1/5)) :
a€[37:57] | (D3|
—_——— > 1 _£
=Y

Let us choose 9 = %(271+;1€)|®| Since the LHS above is at most &, we have

£>Y

£ exp (—(1 +p)mBe* - p~'In (_2(2“; J: ?|@| ))

One can consider two cases, namely £ > 1 and ¢ < %, to arrive at

£ > min (%, exp (—(1 +p)ymBe? - p~In (4(2v + 1)|0]) + 1n(4Y)))
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It remains to find an appropriate value of p. One simple choice is

a1 In(4Y")
2In(4(2y+1)0])

P

which satisfies that p=! > 0 as show later. Thus, we have

E>min| = 2\/?exp( ( 2n(4(27+1)|@))m352)

In(4Y")

It remains to figure out bounds for Y and |©|. For Y, note that |Q,| = (). ). So,

s—(m-a)

for a € [3y:5v] and b=a -3,

1Qal () ()

¢ |Qb| (mnzb)(s?;nnzb)
_ (m-b)(m-b-1)-(m-a+1) (n-s-b)(n-s-b-1)(n-s-a+1)
a(a=1)-(b+1) (s—-m+a)(s—-m+a-1)-(s—m+b+1)

(g) m-b a_b‘ n-s-b\"
B a s—-m+a

6\” n—s—2y i 6\” (n—s)?”
> =] (—==L) (=] -

) s—3y ) 5

.y mm ~|Q| >(§)37.(n—5)3v

o797 Qo2

where (a) is due to the fact that 2= > 1 implies (m—-b-i)/(a—i) > (m-b)/a fori € [0: a—b-1]
and, with a similar reasoning, n > s/2 = =593 5 ] — (n-s-b—-1i)/(s—-m+a—i) >

s—m+a

(n-s-b)/(s=m+a). Then, using |©| = (:1) < (%)m, we have

In (42 + O) _ In(m+4) +mln(5)
In(4Y) T In(4) + 2 In(gms2)

© mln(m’"bz
5

where (a) is by m <n/3 = In(m+4) <mlIn(en/m).
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Altogether,
1 (6 16 1
| _
Py(M > —m) >min| =, 2 207 exp|—|1+ 16-M mBe?
4 2 5 s In (§.2=2)
To verify that our choice of p is nonnegative, it suffices to show that g% > 1, which is true
for s < %n.

2.9.12 A minimazx optimal budget allocation scheme for SH

We show that with a different budget allocation scheme T, = l% . (%6)671 -ﬁJ, SH can
achieve a sample complexity of O(a%log%) (without any logarithmic terms of n). We call
this budget allocation scheme Option 2 and the original one of Karnin et al. (2013) Option
1. The price of achieving this exact minimax optimality is the potential loss of the near
instance optimality (or at least the standard proof technique does not work). We summarize
the comparison in Table 2.2. It is not clear to us whether there exists a different value of
T, in SH that can achieve both the minimax and instance-dependent optimality. It is also
not clear whether Option 2 can achieve a similar bound as Theorem 1. Note that for the

fixed budget setting, there is still a loglog(n) gap between the instance-dependent upper

and lower bounds.

Theorem 11. For any ¢ € (0,1), with Option 2, there exists an absolute constant ¢y, such

that the error probability of SH for identifying an £-good arm satisfies,

#(u <in-2) s o)),

n
JorT>cp-%.

Proof. Still let e1 = ¢/4. And define g4,; = % -g¢. For each stage ¢, define the event G, as

1€S¢11

Gy:={max ; >maxfi; — ¢ .
iESg



74

We have

-1 n
An—eo 1-3/4

logn -1 (3
< er==3Z
; €y Z( ) €1 1 2(4
For stage /, budget Tp - n2-(¢-1) : (E)E_l fop2-U-1) = T §)K_1 AR
ge ¢, we assign budget Ty -n = o (X n -z (9  We can

verify this allocation scheme does not exceed the budget as follows,

logn

Z Ty - n2- (=1 < i
£=1 =1

Let ay, be the best arm in .S,

]P)(Gl?) = ]P(Gl??ﬂae < fla, — 5€/2) + P(G@ﬂag 2 fla, — 56/2)

<P(fia, < fa, = €0/2) + P(G§ | fia, > pta, — £0/2).

For the first term

N 52 TK
]P)(“az < Hay — 54/2) <exp —ém
£-1 -1 o,
() ) e
o 2 n2-(1)
< 2T ’
exp| - .

=P\ 7357810

For the second term,

P(GF | fia, 2 pta, = €0/2) <P({i € Se | fii > pi +£0/2}] 2 150/2)
B[l € Sl i > i+ £0/2}]]
- Sl /2
. |Sg|exp( 32281£n£)
- Sl /2

T
=2exp =
32-81n
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Table 2.2: The e-error probability of SH (worst-case) and (e = 0)-error probability (instance-
dependent) for Option 1 and 2 where Hs := max; ~z is the problem hardness parameter. Here,
we omit constant factors. Check marks for the worst-case means that it is optimal, and those for

the instance-dependent means that it is optimal up to loglog(n) factors in the sample complexity
(Mannor and Tsitsiklis, 2004; Carpentier and Locatelli, 2016).

Worst-case Instance-dependent
: . _ T T T
Option 1: T = Siloga ] X log,n- exp(— nf0g2 n) log, n- exp(— oz, n7T3 )
. -1
Option 2: T} = % . (%) ¥ exp(—EQTT) X log, n-exp(—@)

By contraposition,

logn
]P’(MJT < iy —5) < ; ]P’(Gj)
=1

. T
Let X = ém >0,

Py, < p1—€) <Y 3exp(—(X)
=1

< 3exp(—X)11_—(:<xp—p((_—[i>)(())
< Sexp(‘X)T;(—X)'

As m is a monotonically decreasing function, there exists an absolute constant cq,

such that

P(jsy < <) < exp(_e(ﬂ)),

holds for T'> ¢;- 5. O
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2.9.13 The number of opened brackets

Lemma 11.1. The number of opened brackets till round t, denoted by L;, satisfies
0.63-1ogy (1 +In(2)t) < L; < 1 +1logy(1 +In(2)t).
The size of the largest bracket satisfies
2l > O(1).

Proof. Recall that whenever ¢ > B2B is true, we open a new bracket and increase B by 1.
B =0 before the game starts. First, note that for ¢ = 1 we have L; = 1. Then, let us focus on

t > 2. It is not hard to verify that
Ly=max{B:t>(B-1)25"}.
Fix t > 2. Then, we can define
t'i= (Ly - 1)2871 (2.15)
the first time point that the bracket L; was opened. Clearly ' < ¢. Solve (2.15) for L.

t'= (L - 1)exp(In(2)(L; - 1)),
In(2)t" =In(2)(L; - 1) exp(ln(Q)(Lt - 1))

= X exp(X).

Solving it for X is exactly the Lambert W function. By Lemma 17 of Orabona and Pal
(2016), we have

0.6321-In(1+1In(2)t') < X <In(1+1In(2)t").
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This implies that
X =In(2)(L,-1) <In(1+mn(2)t') <In(1+Wn(2)t) = L, <1+log,y(1+n(2)t).
To obtain a lower bound, define
"= L, 20
which is strictly larger than ¢. Using similar techniques as above, we can derive
Ly > 0.6321 -logy(1 +In(2)t") > 0.63 - logy (1 + In(2)t).
Together, we have
0.63-logy (1 +In(2)t) < Ly < 1 +logy(1 +In(2)t).
Note that we have
L2kt <t < (Ly +1)28,
Thus
t t

t ~
2kt > > > =O(1). (t>4)
2Li+1) " 9(2+logy(1+1n(2)t))  Hlog!

2.9.14 The number of pulls for the representative arms

Lemma 11.2. At round t, the number of times the representative arm of bracket B has been

pulled in the latest finished SH, denoted as Dp;, satisfies,

Dg> t—
B O () logy (n)
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Proof. We call the round interval (L; — 1)2L+1 < ¢ < L;2 as phase L;, whose length is
L2% — (Ly — 1)2%1 = (L, + 1)25+-1. Correspondingly, sampling budget of % is
assigned to each bracket. For each opened bracket Ag, B € [L; — 1], the sampling budget for
it is accumulated from phase B to phase L;, while phase L, is not finished yet. The sampling

budget bracket Ap receives satisfies

K2l (i+1) =20t (L - 1)

Tg:= Z

i=B t Ly
2Lt*2L _9L4-1 _
. p t= 20 (L)
L,-1 L,

t
>_

4L,

t t

> > . t>16
4+4log(1+1In(2)t) 4lnt ( )

Recall we run the SH with the doubling trick on each bracket individually. We claim that
the latest finished SH receives a budget of at least Tz /4. To see this, note that we initialize
Algorithm 2 with budget starting from [nlog, n|. Then restart the SH algorithm with budget
2:[nlog, n], and so on. Before finishing the k-th doubling trick, the best arm from (k- 1)-th
doubling trick is output. Thus the portion of the lasted finished SH ranges in

[Tieal [Tl
STl ZE T )

which, by some simple calculations, is

br—l br—l
, : 2.16
[4@_1 ~by’ 20,1 - bo) (216)
That is to say, the most recently finished SH, which gives the current output, has a budget
of at least Tp,/4. We notice that T, is essentially irrelevant to B. This means each
bracket receives an order-wise equal amount of budget to query the SH algorithm. In the

SH algorithm, the output arm is pulled a fixed number of times when the number of arms

and the sampling budget is fixed. It is pulled @(@) times for budget 7. We have all we
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need to determine the lower bound for Dp .

t

Dp, > t—
Bt = COnS In(t)-log,(n)

2.9.15 Lower bounds and their implications in special instances

While Katz-Samuels and Jamieson (2020) shows a lower bound for the (e, d)-unverifiable
sample complexity that can match the upper bound in special instances, the final result they
presented has a negative term, which results in looseness, and the bound can even go to 0
in certain instances.

Recall the definition of 7, 5, the (e,d)-unverifiable sample complexity (Definition 1).

Theorem 12 (Theorem 1 of Katz-Samuels and Jamieson (2020)). Fiz ¢ > 0,9 € (0,1/16),
and a vector p € R". Consider n arms where rewards from the i-th arm are distributed
according to N (u;,1). For every permutation m € S*, let (FT)wen be the filtration generated
by the algorithm playing on instance w(u). Then the (&,0)-unverifiable sample complezity
satisfies,

E[Ts,a] 2 6%(—(,“1 - Mg(s)+1)_2 + ﬁ - z”: (Ml - Ni)_2)7

g(e)+1
where the expectation is with respect to m € S™ and 7(w).

In fact, the proof of Katz-Samuels and Jamieson (2020, Theorem 1) shows a stronger

bound, which is more useful for deriving lower bounds for specific instances.

Theorem 13 (A stronger version of Theorem 1 of Katz-Samuels and Jamieson (2020)).
Fiz e > 0,6 € (0,1/16), and a vector u € R*. Consider n arms where rewards from the i-th
arm are distributed according to N'(u;,1). For every permutation m € S*, let (F[)n be the
filtration generated by the algorithm playing on instance w(u). Then the (e,d)-unverifiable
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sample complexity satisfies,

E[r.s] > 6149(15) S (- )

=2¢g(e)+1
where the expectation is with respect to m € S™ and 7(u).

Corollary 13.1. For the EqualGap(m) instance, Proposition 13 shows a lower bound of the

(g,0)-unverifiable sample complezity as

100\ me2  £2
Proof.
1 1 N _ 11 Z 16
—— (= 1)~
649(5) i=2%;)+1 64m i= ;ﬂ 2552
B 1 n-2m 16
64 m 25e?

C1(n1 2
100\ me2  e2)
Il

Corollary 13.2. For the Polynomial(c) instance, Proposition 13 shows a lower bound of

the (&,0)-unverifiable sample complexity as

11 1
E[r,.] >— o1-20=2 _ =3 ).
[T]_1282a—1( =)

Proof. For the Polynomial(«) instance,

11 =o L1 1 (V™
6190 2 U~ o) 649(e>12Z (_)

g(e)+1 g(e)+1

1 n? ( )
64 net/o i= 29(s)+1

1 p2a-1 1)
64 81/04 i= Zg(a)+1 L5
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The summation of Z?ﬁg(e)ﬂ(%)m can be bounded as

2c 2c
o 1 (a)1 ™ (1
i=2g(e)+1\ ? 2 Jag(e)\ 1

= (50 - £(20())) (f(2) = g2
1 1 —2a+1 1 —2a+1
_ §(mn -5 (29()) )

= 1 #n—QOH'l _ 1 (Qngl/a)—2a+1 :
2\ 2a+1 a1

where (a;) is by the geometric meaning of integral and

2a 2a 20 2
1(1 1 1 1
il - . <= <l—1 . (1>1,a>0.5)
2\1 2301 21 1+1

Thus
1 1 i , 1 n2a-l i 1\
—— (- i) "= ——n (—)
64 g(e) i=2g(e)+1 64 '/ i=2g(e)+1\ ¥
S L”M_l 1 20+ _ 1 (2nelfe)-2at1
128 ela \ 2a+ 1 —2a+1

B 1 1 1 B 21-2a 672 +1
128l —20+1  —2ar+1

L 2 1 (21‘20‘5_237“—1)

" 128° “2a-1

11 1
_ L gl-20.-2 _ -1\
1282@—1( c 6)

2.9.16  Proof of Theorem 6

Theorem 6. For any ¢ € (0,1), the e-error probability of BSH satisfies

t

P(py - iy, > €) < exp| -©

5% + maXiZg(g)ﬂ Afg(%)
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fort> (:)(HQ(%))

Proof. Due to the doubling nature of the bracketing scheme, it is not hard to see that
each bracket receives an order-wise equal amount of sampling budget O(t) (details in Sec-
tion 2.9.14). Our analysis is centered around finding the ideal bracket whose representative
arm is expected to be of the highest quality, which we call the best bracket. Intuitively, on
the one hand, if the best bracket is too large, the per-arm sampling budget will be too small
to guarantee a meaningful output. On the other hand, if the best bracket is too small, it may
not well represent the entire instance. The core idea of the proof is balancing this trade-off.

We define the following notations.

e A*: the best bracket, which is a multiset satisfying Vi € A*,i € [n]. We have |A*| = L

with L being specified later.
o = %: the subsampling ratio of the best bracket A*.
o g =218 for ke [K], where K = [logz(g)]. Also K satisfies ex_1 < 1,65 > 1.
o 7= {z e [n]] A € [0, min {z, 1}]}.
* g(er) =12l
o zi={ieA | A;e[0,min e, 1}]}
o g'(c1) = |Z}].
e 1;(A): the mean reward of the i-th best arm in A.

o Al = max{uj (A*)|je A*} —p;(A*): the suboptimality gap of i-th best arm in A* with

respect to the best arm in A*.

o A’ = py —p;(A*): the suboptimality gap of i-th best arm in A* with respect to the

best arm in the entire instance.

° Ul(g) = MaAXj5g(ep)+1 A%, and UQ(%) = MaX g/ (c0)+1 AL,Q. We call this the un-accelerated
sample complexity on the entire instance and the best bracket for identifying an 5-good

arm.
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We define the following events:

e F: Vke[K], |9'(L5k) _ g(ik) < 9(25:)‘
e Fy: an $-good arm represents the best bracket.

The event F; ensures that the best bracket can well represent the entire arm set in the sense

that, for each peeling piece k, the ratio of the arms therein to all the arms in the best bracket

(E’“) is close to its original ratio £ (E’“) . The e-error probability can now be bounded as

P, <pr—€) =P(uy, <pa -, BY) + P(uy, < pa =€, By, B3) + P(uy, < pa —€, B, Ey)
<P(EY) + P(Ey, E3) + P(py, < p1 —€, E)

<P(E{) +P(ES | Er) +P(pg, < 1 — €| E»). (2.17)
We bound each term separately. For the first term.

. g(aw)
2n

‘g«ek) IO g(ew)
2n

9'(er)  g(ex)
| L n

P(ES) :P(Hk

IA
Ngle
~

L n
g'(ex) < g(er) or g'(ex) S 39(5k))

o
1l
—_

A
Ngle
=

i L 2n L 2n
S r(7). g(ew) s (gm) 39529).

Let KL(p,q) be the Kullback-Leibler divergence between two Bernoulli distributions with

parameters p, q. The first summation can be upper bounded by the additive Chernoff bound
for binomial distribution (Arratia and Gordon, 1989),

K K
Z (9 &) g(ek)) SZ LKL(Q(EI‘“)79(E’“)))
k=1 k=1 2n n
K 1 92(519) ( )
ey g P—q
S;exp 8 9(er) <KL(p7 ) = 2max{p, q})

e
i
o

|
oo |
S

Il
Nk
@
»
o
[S—y
~
Q
~
m
E
N—’
N —
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The second summation can be upper bounded by

i (g (Ek) 39(5k))<2exp ( 39(5k’ g(gk)))
R ERIEE g(ew))
K ] Ll
gkz;lexp _EL@ (KL(p7Q)—2r§12;x?;)nq})

< i exp _iLg(ék) )7

fre] 12 n

where (a1) is by the definition of KL divergence for Bernoulli distribution. Since g(ey) is a

non-decreasing function of k, we have

P(ES) < kil exp(—%Lg(Zk)) . Xp(__Lg(ek) )

] 12 n
SQ[logz(é)] exp(—%L@).

We choose L = (:)( Then

nt
g(m)Hg(;))'

P(EY) <2[10g2(§)] Xp(

gexp(_@(H;( ))) (t>6(m(3)))

oL
—
=
| T+
NI
~
v
SN—

Our choice of L here also ensures that a bracket of size L is opened because the largest

bracket is in the size of ©(t) by Lemma 11.1. Furthermore,

~ nt ~ nt ~[ nt ~
= @ _ ] = @ - < @ - @ AQ @
L (9(51)]—]2(%)) (maxi>g(52)+1 ﬁ) s (n/A%) (AZt) <O(1).
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The second term of (2.17) means the probability that SH fails to return an $-good arm from
bracket A* given that bracket A* can well represent the entire instance. Denote Hé(%) as

the sample complexity of returning an $-good from the bracket A*, i.e.,

,(8)_ o ? 1
N2) gt A2 g/(e))

Let HQ(%) be the sample complexity of returning an §-good arm from the entire instance,

ie.,

c (3 1
H (—) = max —-———.
2\2) 7 g1 A2 g(ey)

We use Theorem 1 to upper bound the second term of (2.17). To do so, we need to verify
that the best bracket is allocated to enough budget, i.e., the budget allocated to the best
bracket should be no less than Uz(g). By event F;, we have

%Tg(ak) <g'(ex) <2rg(e). (2.19)

Then, by Lemma 13.1 and our choice of L, we have

™

UQ(%) = g'(a)Hﬁ(g) < 2rg(61)H§(§) = 2§g(gl)Hé(§) - (Z)(Zi ;

Meanwhile, each bracket receives é(t) budget by the bracketing design. Thus the best

t) = 0(t).

N ™

bracket is allocated to enough budget. By applying Theorem 1 to (a;) and Lemma 13.1 to

(az) below, we have

(a1) ~ t (az2) ~ t
P(ES| Ey) < exp —@(T) < exp —@(—5) : (2.20)
H;(5) Hy(35)
The third term of (2.17) means an arm whose mean reward is less than p; — ¢ has a larger
empirical reward than an arm whose mean reward is larger than ;1 —e/2. Note the recently
opened brackets may not have finished their first SH yet. In this case, the DSH always

returns an empirical reward of negative infinity. Thus the arms returned from these brackets
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will never be selected by BSH. Denote A(t) = {a € Uéﬁmﬁm A, g < 11 — 5}. We have
. Lt
[A()| < 3 28 < 22100 - 1) < 8(1 + In(2)1).
k=1
By the number of arm pulls in Lemma 11.2,

P(/’th <pr—€ | EQ) S]P><E|a1 € Ar;(t)a EIa2 € A(t)a s.t., Hay 2 1 — 2’3‘/27 ,&al < /laQ)

Ar;(t)|exp(—é(82t))

Ar:(t)|))

). (2.21)

Given (2.18), (2.20) and (2.21), we have the result proved. O

Lemma 13.1. Let Hé(%) be the complexity measure of returning an 5-good from the bracket

A* de.,

(5) e 1
—_ = X —s .
2 2 i2g'(e2)+1 AiQ g’(&Tl)

Let Hg(%) be the complexity measure of returning an 5-good from the entire instance, i.e.,
€ 7 1
H. (—) = max -—-———.
2] izl A? g(er)

Given the event Ey happens, we have

g 19
H(S) <64H,(2).
2(2) 2(2)
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Proof. For the entire instance, by Lemma 13.2,

4
max g(ik) < Ul(i) < max g(jk) (2.22)
ke{3,K} & 2 ke{3, K} €%

For the best bracket, by Lemma 13.3, we have

izﬁ?;)(n A_;'Q : iz;;%?f)(n A_;Z : 4129%32})&1 A_;'Q
Note the term max;sgr(c,)+1 ﬁ can be considered the un-accelerated sample complexity on a
virtual instance where all thez arms are the same as the ones of A*, except the best arm of A*
is replaced as the best arm in the entire instance (if the best arm of A* is same as the best
arm in the entire instance, then the virtual instance is same as A*). The above inequalities
essentially show that on event F, setting the best arm in A* to have the same mean reward
as the best arm of the entire instance does not change its un-accelerated sample complexity

(up to a constant of 4). Denote

/

1

Thus,

UQ’(%) < UQ(%) §4U2’(%). (2.23)

By Lemma 13.2,

max 5 < max

g'(ex) (¢ 49’ (ex)
<Us| = 5
ke{gz"'rK} 8]{3 ke{gr"'zK} E:k-

By event Ej, we have for k€ [ K]

%rg@k) <g'(ex) < 2rg(er). (2.24)
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Thus

8
max @ < Ué(i) < max Tg(;k). (2.25)
ke{3,-. K} 25k 2 ke{3,-K} &

By (2.23) and (2.25),

2
max Tg(ik) < UQ(E) < max 3L2(6k) (2.26)
ke{3,- K} 25k 2 ke{3, K} €%
Therefore, by (2.22) and (2.26), we have
U. (2
L Ul s .27)
32r U2(§) r
By U1(§) = g(61)H2(§), Ug(%) = g’(sl)Hé(g), (2.24) and (2.27), we have
e1)Us( £
i 5) - 200D 4 () < () - a5,
2 g’(gl)Ul(%) 2 r 2 2
O

Lemma 13.2. Let U(%) be the un-accelerated sample complexity on any bandit instance for

identifying an § good arm (note g5 = 5), i.e.,

€ 1
Ul=)-= —.
( 2 ) izg(lsag))il A?

Then up to a constant of 4, the un-accelerated sample complexity can be approximated by
9(ex)

i.e.
2
er ’

mane{;g,..‘,K}

g(ek
max

49(er)
ke(3, K} €2 '

k€{37"'7K} 6%

~
IN
d

—_—
| ™

~——
IN

Proof. Let iy > g(e2) + 1 satisfy

U(e) i
—|= max —=-—.
2 i>g(g2)+1 AZQ A?O



Denote ky as the smallest index of the peeling interval to which ¢y belongs, i.e., ex,-1 <A, <

. . € €
Eko- Since ig > g(e2) + 1, we know ko > 3. By eg,-1 = 5%, we have 5% < A;. Thus,

)

U(%)_ lo 4o 49(er) 4g(ex)

- A_fo e~ en kel3K) e
where the second inequality is by ig < g(ex,). By the definition of U (%), we have

g(ex) e 9(er)

U( c ) > ma >
=12 X 3 2 X 2
2 ke{g’vK} Ag(Ek) k€{377K} 8’{2

Thus,

4
max g(ik) < U(E) < max g(jk)
ke{3, K} € 2 ke{3, K} €}
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]

Lemma 13.3. Given that the event Ey holds, for i > ¢'(e2) + 1, Al the suboptimality gap

of i-th best arm in the best bracket with respect to the best arm in the best bracket can be

approzimated by A, the suboptimality gap of i-th best arm in the best bracket with respect

to the best arm in the entire instance, i.e.,

1 1 4
A2 AP S AT

Proof. The first inequality holds trivially, and the equality holds when the best arm out of

the entire arm set is included in the best bracket. For the second inequality, as the best arm

in the best bracket is £-good, we have

"
IV
4 2 2 4

which results in the second inequality.
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2.9.17 Proof of Corollary 6.1

Corollary 6.1. Consider the EqualGap(m) instance. BUCB achieves an expected (g,0)-

unverifiable sample complexity as

E[r.,] < @(élmlog(g)).

BSH achieves an (g,9)-unverifiable sample complexity as, with probability 1 -4,

~[ n 1
Te,d < O(%log(g))
Proof. For BUCB, Theorem 7 of Katz-Samuels and Jamieson (2020) gives the following

instance dependent upper bound for the (e, d)-unverifiable sample complexity,

n

1 g(e) 5 n L 1
E[Tg,ﬁ] < min - Z(AiVj,g(€)+1) In ]—5 + Z AJ,’L In 5 .

i=1 i=g(e)+1

Plug the instance

—e,pu;=e,Vie{2,....om},u; =0,Vi >m+ 1 for some m>2,e>0 .

M1:4

We easily have

For BSH,

. 1 1 16n
max —s- =—.
i2g(c/2)+1 A? g(i) 25me?
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2.9.18 Proof of Corollary 6.2

%

Corollary 6.2. Consider the Polynomial(c) instance; i.e., A; = (ﬁ)a with o > 0.5. For
any € € (0,1), let 7.5 be the upper bound of the expected (£,9)-unverifiable sample complexity
reported in Katz-Samuels and Jamieson (2020, Theorem 7) for BUCB. Then, BUCB satisfies

E[Tg,5] <Tes = é(ama_lnlog(%))_

On the other hand, BSH satisfies, with probability 1 -9,

Tes < @(8_2 log(%)) .

Proof. We first show the result for Bracketing UCB. Theorem 7 of Katz-Samuels and Jamieson

(2020) gives the following instance dependent upper bound for the (g, d)-unverifiable sample

complexity,

n

R Ve 2. [n o, (1
Te,s = ININ — Z(Aivj,g(a)ﬂ) In ‘]—5 + Z Aj,z In g . (228)

jelg@@Ig\ (3 i=g(e)+1
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Plug the instance A; = (%)a into the above,

A VLG, 2 (n A2 2
Tes = Iin —.(Z(Aivmg(aﬁl) ln(ﬁ)+ Z Ajfln(g))

jelg(A] g\ i1 i=g(e)+1

g9(e)
> min l(Z(Aivj,g(a)H)_Q ln(%))

jela@] 7\ i3

1 1 g(E) —
> min —,ln(g)(Z(Aivj,g(a)”) 2)

Jelg(e)] 7 i=1

1 (1 -
>je1?gl<?nEIH(S)((AQ(E)’Q(E)“) )

] n2a 1
> min — In

1
9@ 3\ (g(e) + 1) - (g(e))e)’

(a1) . n2o 1 1
> min —1In 5 3
jela(e)] J (&(9(5)4_1) )
. n2a 1 1
> min —In| - ——as
jelg(e)] 7 0 a2(29(5))

9-2a+2 1, ~2 20 | ( 1)
= In| —
(g(g))Qa—l 6

(a2)2720%202n (1
=I5 )

E «

Note here we lower bound the upper bound in Theorem 7 of Katz-Samuels and Jamieson

(2020). The inequality (a;) results by

g+1
(g+1)a—go‘:f az®tdr <a(g+1)*.
g

The equation (az) is because of g(g) = ne'/® by the definition of the instance.

We also upper bound (2.28). Note that for ¢ > j, we have

i%— % = f ar®tdr > a(i-j)jot .
J
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With this, we have

oo 1 ! gf 1 L1 i 1
Tes SN min — - -
o (9(e) + 1- )22 (g(e) v L-ap2ea2 s (1= )22
We can bound the third sum by

1 & 1 L1 1
J gD (=222 7 221 g(e) +1-

Take j = g(¢) —\/g(¢). This means that j = O(g(¢)) and g(e) —j = /g(¢). With this choice,

1 L gi) 1 1 R
9(e)-9(€)*72 9(e) |y Toma 9(E) +1-0)% g(£)*72 | g(e)**™! 14 /g(e)

%5,6 5 n2a

L1 o 1 1
ge)>et g(e)*>t 6 g(e)*' 1+\/q(c)

1 1
< n2a_ — n2a — )
9(8)204—1 (nel/a)Za—l 82(,:;—1

For Bracketing SH,

1-2a
i 1 120, 20 1 e\ 20 1 16
max ——-——== max n 1/a< n| = n < —.
izg(e/2)+1 A (Z) i>g(e/2)+1 n(i)

where both the last inequality and the last equality are by « > 0.5.

2.9.19 An alternative upper bound for BSH

The following bound of BSH is similar to the bound of Theorem 6. Though the bound of
Theorem 14 is minimax in nature, we show, in Corollary 14.1 and 14.2, that it still achieves
the same upper bound as BUCB for the EqualGap(m) instance and a better upper bound
for Polynomial(a) than BUCB when n is large enough because it does not scale with n
polynomially. Since this bound involves an optimization problem, we speculate it could be

tighter than the bound of Theorem 6 for certain instances.
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Theorem 14. For any ¢ € (0, 1), the error probability of Bracketing SH satisfies

- iA?
P(py, < p1 —€) < exp| -O| min{ max M,62 t"11,
ieg(¢/2)] n

where t' = . Accordingly, @(max {minie[g(s/g)]#bg(%)“ﬁbg(%)}) samples are

41nt
i,9(e/2)+1
sufficient for Bracketing SH to output an e-good arm with probability 1 — 4.
Proof. The proof idea is similar to the proof of Theorem 6. The core idea is to find the
best bracket whose size is well-balanced. At round ¢, define the best bracket as bracket

279

ri(t) = [logg(cAz (8/2)+1t’)], where i € [g(g/2)] is a free parameter and c¢ is a logarithmic

in2 ' -1
term for shorthand ¢ = (161n(4e)10g§(%2)”t)10g2(2A2 t’)) . Thus the size of

1,9(e/2)+1
bracket r}(t) satisfies,

log, [ cA2 t')+1
t’s|Ar;(t>|s2 gz’( e/ ) = 2¢A7 2yt

cA

2
1,g(g/2)+1

Define the following events:

e [;: the number of arms with mean reward at least y; included in bracket r}(t) is at

A2
CZAi,g(s/2)+1t, J

least j;, where j; = l on

® Ey: [la,., > 1 —€[2, where a,: () is the arm representing bracket r;(¢) at round ¢.
Then the error probability of Bracketing SH can be expressed as follows,

P(pg, <pr =€) =P(pg, <p1 =&, BY) +P(pg, < py — &, 1, E5) + Py, < pa — €, By, )
SP(E%)-i-]P(El,Eg)-i‘]P(MJt <M1—€,E2). (229)
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We bound the three terms respectively. For the first term, we use the same technique as in

the proof sketch.

T
P(EY) <exp —|Ar;(t)‘~KL L’E
Az J
2
(a1) |Ar:<t>‘” G
<exp| - _ -
v |Ar;(t)‘ n)
2 ’ iA2 9 lt/ 2
g Al gt | =2
e Y, A2 v n
1,9(e/2)+1
CciA? t/
SeXp _ 1,9(e/2)+1 )
8n
[ iAZ t
<exp| -6 —1ole2H ] 2.30
p ( - (2.30)
(p-9)?

The inequality (a;) is due to KL(p,q) > 5 For the second term of (2.29), we bound

max{p,q}
the event that SH returns a non-(ji, A; g(c/2)+1)-good arm, where j; is with respect to the
best bracket. We use fi(;,) for the mean reward of the j,-th best arm in bracket r;(¢). Thus

Loy = Digees2y+1 = i1 — €/2. By Theorem 4,

P(E,, FS) gp(ﬂw) <p—e)2] El)

SP(”%;@) <Gy ~ Diglef2)+1 | El)

AT; *) | exp

2

/

Ai,g(s/2)+1t

—const-J;

—In(4e)

4‘AT§ (t)| logg(th) 10g2|"47’3 (t)|

CiA?,g(e/2)+1t, )

—const-

A'r;’ (t) ’ €xXp

_[iA2 t!
<eXp(@(M) |

n

n

(2.31)
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For the inequality (a;), we bound the term in parenthesis as a constant,

AQ

i g(s/2)+1

4‘Ar3(t)| logQ(QJt) log,

—1In(4e)

A? t’
i g(€/2)+1 _ 111(46)

t'logs (QCM) log, (ZCA

zg(€/2)+1t )
1
—1In(4e)

>
2
8¢ y(e/2)+1
>
8010g ( zg(5/2)+1
>21n(4e) - In(4e)
=In(4e).

) 10g2 (2Az2,g(€/2)+1t,)

The third term of (2.29) means an arm whose mean reward is less than p; — ¢ has a larger

empirical reward than an arm whose mean reward is larger than 1y —e/2. Note the recently

opened brackets may not have finished their first SH yet.

In this case, the DSH always

returns an empirical reward of negative infinity. Thus the arms returned from these brackets

will never be selected by BSH. Denote A(t) := {a € Uk Ler (1) A, o < 11 — 5}. We have

L
()| < 3. 28 < 2:(20 (@0 _ 1) < 8(1+In(2)1).
k=1

By the number of arm pulls in Lemma 11.2,

P(py, < 1 — €, Es) g]P’(EIal € Ay (), Jag € A(t), 8.4, flay 2 pt1 = €/2, fla, < ﬂa2)

S‘A(t)HAr;(t)’exp(—(g)z-const-

<exp

<exp

<exp

Sexp(—é(a%’)).

log,n )

—const-g? + ln( *(t)|))
0gy M
s U 2
A
—const-e P + 1n(8(1 + 1n(2)t)2A2 g(s/Q)Jrlt ))
—const-e? + O(lnt))
0gy M

(2.32)
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Combine (2.30)(2.31)(2.32) and the fact i € [g(g/2)] is a free parameter, then we have

. iA?
P(py, < p1 —€) < exp| -O| min{ max M,ﬁ t'
ieg(¢/2)] n

]

Corollary 14.1. Consider the EqualGap(m) instance. BUCB achieves an expected (&,0)-

unverifiable sample complexity as

E[7.4] < @(#log(%)).

For BSH, the bound of Theorem 14 shows that BSH achieves an (g,0)-unverifiable sample

complexity as

with probability 1 - 4.

Proof. For BUCB, the proof is presented in the proof of Corollary 6.1. For BSH, the result

is straightforward by plugging the instance,

min Llog(1)<min n log(l) Llog(l) —Llog(l)
ielo(e/2VIA7 oy \O) T (c/2)” T\0) me> N0 me2 \§)

The following corollary shows that even if we use the upper bound of Theorem 14 that
is minimax in nature, we can still achieve an upper bound for the Polynomial(«) instance
that does not scale with the instance size n, and for moderately large ¢ or large enough n,

the upper bound of Theorem 14 is always better than the upper bound of BUCB.
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Corollary 14.2. Consider the Polynomial(a) instance A; = (%)a BUCB achieves an ex-

pected (g,0)-unverifiable sample complezity as

E[Ta 6] <Tep = (:)(e‘malnlog(%)).

For BSH, the bound of Theorem 14 shows that BSH achieves an (g,0)-unverifiable sample

Tes < O( - log(%)) )

complexity as

with probability 1 -46.

Proof. For BUCB, the proof is presented in the proof of Corollary 6.2. For BSH, first, notice
that

The sample complexity satisfies,

n

n n
min ————log| = | < min log(—)
ielo(e/DV IAT | oy (5 ) iclg(=/2)] i((g<a/z>)2‘“ + (%)201_2(@(;2/2))&) 6

n-n2e 1
log| —
9(5/2) ((9(5/2)) +i2a—2(ig(5/2))a) g((s)

(a<1) 2-n2o+l 1 1
S ogl =
(g(&/?))%“l(l + 2—2a _ 2—a+1) & (5

_ 9.n2a+1 N 1
" (n(e/2) V)20 (1 4 2720 — 2-a1) &\ 5

o+t - at 1
_22a1+1(1+2 -2 2—a+1) 18_2@1 log(—)

J
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The inequality (a;) is by taking i = g(£/2)/2. O

2.9.20 (e,0)-unverifiable sample complezity of algorithms with e-error probability bound

Definition 1 ((&,0)-unverifiable sample complexity (Katz-Samuels and Jamieson, 2020)).

For an algorithm m and an instance p. Let 7.5 be a stopping time such that
]P)(thT{gy(S:/JJt >u1—5) >1-46.

Then, 1.5 is called (e,8)-unverifiable sample complezity of the algorithm with respect to p.

The (e,0)-unverifiable sample complexity requires all the outputs at and after ¢t = 7. 5 are
e-good. This is slightly different from the sample complexity of BSH. However, we show they
are order-wise equivalent. To see this, let us consider an anytime algorithm that achieves an

exponentially decreasing error probability,

P(pg, < pn =€) < exp(-ct).

Let t. ; be the first time step that satisfies ]P’(,ujte , <H1— 8) <. Note this only guarantees
the output at round t.; is e-good with probability 1 -4, instead of all the outputs at and
after t. 5. We prove our claim by showing the probability that there is a non-e-good output

at or after ¢. s has an exponentially decreasing rate with the same parameter.

IP’(EltZts,(;:,th </Ll—€)§ Z P(/,I/Jt <,LL1—€)

t=te s
< > exp(-ct)
t=te s
, 1 —exp(-ct)
=1 et g ) ———v
tLI?oeXp( cles) 1 —exp(-c)
1
< —ct e
exp(-¢ 8’(S)l—exp(—c)

= exp(—@(c-ta(;)).
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Chapter 3

Adaptive Experimentation When You Can’t Experiment

This paper introduces the confounded pure exploration transductive linear bandit (CPET-LB)
problem. As a motivating example, often online services cannot directly assign users to spe-
cific control or treatment experiences either for business or practical reasons. In these set-
tings, naively comparing treatment and control groups that may result from self-selection can
lead to biased estimates of underlying treatment effects. Instead, online services can employ
a properly randomized encouragement that incentivizes users toward a specific treatment.
Our methodology provides online services with an adaptive experimental design approach for
learning the best-performing treatment for such encouragement designs. We consider a more
general underlying model captured by a linear structural equation and formulate pure explo-
ration linear bandits in this setting. Though pure exploration has been extensively studied in
standard adaptive experimental design settings, we believe this is the first work considering
a setting where noise is confounded. Elimination-style algorithms using experimental design
methods in combination with a novel finite-time confidence interval on an instrumental vari-
able style estimator are presented with sample complexity upper bounds nearly matching a
minimax lower bound. Finally, experiments are conducted that demonstrate the efficacy of

our approach.

3.1 Introduction

In this study, we present a methodology for adaptive experimentation in scenarios char-
acterized by potential confounding. Online services routinely conduct thousands of A/B
tests annually (Kohavi et al., 2020). In most online A/B/N experimentation, meticulous

user-level randomization is essential to ensure unbiased estimates of treatment effects at the
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Figure 3.1: Causal graph of the model.

population level, commonly known as average treatment effects (ATE). In this setting, firms
are often interested in understanding the treatment with the highest average outcome if pre-
sented to all members of the population. However, in many settings firms may not be able
to randomize, for example if a feature must be rolled out to all users for various business
reasons (Mummalaneni et al., 2022). In such instances, users may choose to engage with a
feature or not based on potentially unobservable preferences. Thus the resulting measured
outcome may be correlated with the decision to engage in a specific feature. I.e. the under-
lying characteristics of the user confound the relationship between the decision to use the
feature being evaluated and the effect of the feature. Thus, naively comparing the average
outcome for users who engage with a feature with those who do not suffers from a (selection)
bias. This setting is captured in Figure 3.1.

A potential solution is for services to employ encouragement designs where users are pre-
sented with incentives that encourage users to engage with a specific feature (Bakshy et al.,
2014; Bradlow, 1998; Elbers, 2023). As a concrete example, many online services have in-
troduced membership levels with different offerings and prices available to all users. Given
a set of membership level options, the service is interested in knowing the counterfactual of
which level has the optimal outcome (e.g., total revenue) if every user chooses to join that
membership level. In this setting, encouragements could be coupons or trials for correspond-
ing membership levels. In these settings, the firm can use intent-to-treat (ITT) estimates for
the treatment effect which naively compare the average outcomes between the groups given
different encouragements. In practice, given an encouragement a user may not engage with
the corresponding feature choosing either the control or a different feature. Hence, the re-

sulting ITT estimate may be a diluted estimate of the ATE (Angrist et al., 1996). However,
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all is not lost: if the encouragement presented to a user is properly randomized, and the
service guarantees that the encouragement only affects the outcome through the choice of
user treatment, then the encouragement acts as an instrumental variable. Standard analysis
from the econometrics and compliance literature show that two-stage least squares (2SLS)
estimators can then be used to provide consistent estimates of treatment effects.

At the same time, firms are also increasingly utilizing adaptive experimentation tech-
niques, often known as pure exploration multi-armed bandits (MAB) algorithms (Lattimore
and Szepesvari, 2020; Fiez et al., 2019), to accelerate traditional A/B/N testing. Pure ex-
ploration MAB techniques promise to deliver accurate inferences in a fraction of the time
and cost as traditional methods. Similar to A/B testing, bandit methods assume users are
properly randomized and can fail to learn the optimal treatment if naively used and may be
sample inefficient if they fail to take the confounded structure into account.
Contributions. In this work, we provide a methodology for experimenters seeking to use
adaptive experimentation in settings with confounding where encouragements are available.
We formulate this work in the more general and novel setting of confounded pure exploration
transductive linear bandits (CPET-LB) (Section 3.1.1). We present algorithms using exper-
imental design for the CPET-LB problem and analyze the resulting sample complexity. As
we demonstrate, even in the simple multi-armed bandit setting described above, comput-
ing an effective sampling pattern requires using the machinery of linear bandits. Without
knowledge of the underlying structural model, existing linear bandit approaches could lead
to sub-optimal sampling. The main technical challenge we face is simultaneously improving
our estimate of the structural model while designing with inaccurate estimates (Section 3.3).
This approach crucially relies on our development of novel finite-time confidence bounds for
two-stage least squares (2SLS) style estimators that may be of independent interest (Sec-
tion 3.2.2). Moreover, we provide worst-case sample complexity lower bounds that are nearly
matched by our sample complexity upper bounds (Section 3.7.3). Though the goal of this
work is primarily theoretical, we empirically show the efficacy of our method over existing

solutions (Section 3.4).
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3.1.1 General Problem Formulation

A confounded pure exploration transductive linear bandits (CPET-LB) instance consists of
finite collections of measurement vectors Z ¢ R¢ and evaluation vectors W c R?. At each
time t € N, the learner selects z; € Z and observes a pair of noisy responses z; € X € R% and

y; € R generated via the structural equation model
Ty :FTZt+77t, Yt :x;6+€t, (3]-)

where I' e R and # € R? are model parameters.! We define the history H; 1 = {(zs, Zs, ys) }s<t
and E,_;[-] = E[-|H;-1] denoting the conditional expectation under the filtration generated by
H:-1. The noise {n;}°; and {e;}2, satisfy the following set of assumptions unless otherwise

noted.

Assumption 1. We assume g; | Hyoq is 1-sub-Gaussian (and thus E[e; | Hi1] = 0). Fur-

thermore, n; | Hi-1 is o2-sub-Gaussian vectors (and thus E[n, | H;1]=0), i.e.,

VB e R, max E[exp(B{a,n:))] < exp(ﬁzag) :

a:laf2<1

Goal. The objective is to identify w* := arg max,y w0 with probability at least 1 -6 for
9 € (0,1) while taking a minimum number of measurements.

In the setting where I' = I, = 0 and E;_;[g]x;] = 0, our setting reduces to the standard
pure exploration transductive linear bandit problem (Soare et al., 2014; Fiez et al., 2019). In
general, the joint noise process |:77t7 gt] may be dependent across the entries. In particular, we
are allowing for the data generating process to be endogenous, meaning that B, 1[e¢z;] # 0.
That is, €; can affect not just y;, but also z; given a choice of z;. The presence of endogeneity

is a key challenge in the CPET-LB problem.

Assumption 2 (Exclusion Restriction). We assume that By 1[ze,] = 0, or alternatively that

z; 1S uncorrelated with ;.

1'We assume throughout that I' e R%¢ is an invertible matrix.
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The variable z; is commonly referred to as an instrumental variable (Angrist et al., 1996).
We consider algorithms for the CPET-LB problem that stop at a H;-measurable time 7 € N,
and produce a recommendation @ € W. The goal is §-PAC algorithms with efficient sample

complexity guarantees.

Definition 2 (0-PAC). We say an algorithm is §-PAC for a CPET-LB problem with W, Z c R?
if for all 0 € R% and T' e R4 it holds that Py r(@ + w*) <0 for § € (0,1).

3.1.2  Encouragement Designs

The CPET-LB feedback model generalizes the classical compliance setting.
Compliance as a Special Case. In compliance problems, a decision-maker has access
to a set of treatment that can be offered to users, while the users themselves have the
option to accept the treatment they are presented or instead opt-in to a different treatment.
The goal is to identify the treatment with the optimal average outcome if all users were
to accept it. Specifically, given a finite set A = {1,2,...,d}, a decision-maker presents
user t € N with an encouragement for a treatment ¢ € A, the user then selects treatment
j € A where potentially 7 # i, and an outcome y; results. To capture compliance with
the CPET-LB framework, we set Z = X = W = {ej,---,e4} and the parameter I' captures
the probability of accepting a treatment given an encouragement for a potentially different
treatment. Specifically, I'(i,7) = IP’(xt =e; |z = ej), and a straightforward computation shows

that z; = I'Tz, + 1, where E[n|z] = 0 with

M =Tt — []P)(el | 2¢),+ P(eq | zt)]T- (3.2)

Moreover, y; = ;0 + &, gives the resulting reward, which is clearly correlated with the user
choice so that cov(m,e;) # 0. Finally, /6 = 0; gives the expected value of treatment ¢ over

the population and our goal is to identify w* = argmax, .y e/0. ? Note that when I' = I, we

20ur setting differs slightly from the traditional compliance setting based on a potential outcomes frame-
work (Angrist et al., 1996). Our setting is equivalent to one where we assume that there is a constant
treatment effect. See Chapter 4 of Angrist et al. (1996) for further discussion of the differences. Thus in our
setting, learning #; and the local average treatment effect (LATE) on compilers are the same.
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Figure 3.2: (a) A bar chart showing E[y|x = w] = w0 and E[y|z = w] = 2'T0 for all w € W.
This chart shows that the optimal evaluation vector is w* = e; = argmax,y E[y|lz = w], while
e¢ = arg max,,.y E[y|z = w] and consequently estimation based on this quantity is problematic. (b)
The probability of identifying w* = e; for a collection of algorithms on the CPET-LB instance from
Section 3.1.2.

automatically have that 1, = 0 and there is no confounding. This reduces to the standard
MAB setting.
Motivating Compliance Example.

As a motivating compliance example representing the membership level discussion from
the introduction, consider a location model that assumes each user ¢ € N arriving online has
an underlying unobserved one-dimensional preference u; ~ N'(0,02). If an algorithm presents
the user with encouragement zj, = e;, for I; € A, then the user selects into the membership
level given by J; = minjeq |I; + u; — j| so that z; = e;,. This process captures a user being
more likely to opt-in to membership levels that are closer to the encouragement that they
were presented. The outcome is then given by vy, = x/6 + u;.

We conduct an experiment with this problem instance (see Fig. 3.2 and Section 3.7.1 for
more details). Specifically, d = 6, 6 = [1 -0.95 0 0.45 0.95 (),99], and o2 = 0.35. Ob-
serve that w* = e; = argmax,, w™0. An upper confidence bound (UCB) selection strategy
is simulated that maintains estimates of the mean reward of each encouragement i € A,
namely 7i;; = Yuqy 1{z = €;}ys, and then pulls the one with the highest UCB.

The UCB selection strategy is combined with a pair of recommendation strategies. The
UCB-OLS algorithm estimates the mean reward of each treatment using an OLS estimator,

namely 87 = St 1{z, = e;}y/ X', 1{z; = e;}, and recommends argmax,. 4 fis. Moreover,
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the UCB-IV algorithm uses an instrumental variable-estimator (see the next section) that
incorporates knowledge of I' similar to 2SLS to deconfound estimates of the mean rewards of
each treatment and recommends the treatment with the maximum estimate. The results over
100 simulations are shown in Fig. 3.2. UCB-OLS completely fails to identify #; = arg max;cq 6;
due to a biased estimate, whereas UCB-IV does better. However, UCB-IV methods seem to
have a constant probability of error. To see why, note that the expected reward from pulling
z =¢; is e]I'6. These values are plotted in orange in Figure 3.2a. In particular, with some
constant probability, UCB zeroes in on arm 6 becauses of the mean estimates on the 2’s, and
as a result fails to give enough samples to learn that arm 1 is indeed the best. In contrast,
our proposed method CPEG, Algorithm 4 manages to find the best arm with significantly
higher probability.

Notation. Let A(Z) = {A e REZ : X > 0,¥,.z\. = 1} denote the set of probability
distributions over the set Z. Given a distribution A € A(Z) and matrix I' € R4 de-
fine the operator AN\, T) = ¥,z A T722T. Given Z € R4 and T' € R™?  define the
operator A(Z,T') := Y[, T722]T = I'"Z7ZT" where 2z € R? denotes row t of Z. Given a
vector € R? and a symmetric positive-definite matrix A € R>? we let ||z]|% = 27 Az. We
adopt the standard notation that (a v b) = max{a,b} and (a A b) = min{a,b} for a,b € R.
Omin(A), Omax(A) denote the minimum and maximum singular value of a matrix A. We

denote by polylog(z1,...,x,) any polylogarithmic factors of xy, ..., x,.

3.2 Estimators and Inference

We now present estimators for the unknown parameter 6 and prove the associated sta-
tistical properties. The estimators discussed in this section are critical to our algorithmic

solution outlined in Section 3.3.

3.2.1 FEstimators

Before describing our solution concept, we quickly review potential options for estimating
f based on a dataset ZT = [21, e ZT]T € RTXd7XT = [Ih "',ZET]T € RTXd, YT = [yh "'7yT:|T € RT,

assumed to be generated according to the model in Eq. (3.1). Recall that the ordinary-least-
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squares (OLS) estimator for 6 is given by
Ors = arg ming.ga Yy (e — 270)2 = (X7 X7) L XYy = 0 + (X7 X7) 1 X Jep. (3.3)

Observe that ;g is potentially a biased and inconsistent estimator for 6 in the presence of
endogenous noise since E[gs|z;] # 0. To remediate this problem, we define a general class of
estimators that includes several standard estimators. Given an invertible matrix ¥ e R9x4,

let X := ZpV, and consider corresponding estimators termed W-IV estimators of the form
Oy := (X7 X)) ' X]Yr = (VT 21 Z00) T 21V = (Z7.208) 1 27 Y. (3.4)

When ¥ = I we recover the OLS estimator. In the rest of the paper, we will focus on two
different potential options for W.

Case 1: Oracle. V¥ = TI. To begin, observe that the structural equation model from
Eq. (3.1) can be combined by substituting the second equation into the first to obtain the
reduced form

yr =2 T0+n0+¢. (3.5)

Since z; is independent of the i.i.d. process 7/ + &, the least squares estimator which

regresses y; onto z; I' is unbiased for estimation of # and given by
Osracre = (X3 X7) " XJ Y7 = (Z3.270) 1 2] Y. (3.6)

This estimator will be used to design our general solution concept presented in Section 3.3.
Of course in practice we cannot expect to know I', but we may be able to estimate it.
Case 2: P-2SLS. ¥ = I. We consider a setting where T is an (unbiased) estimator of T',
learned using least-squares from an independent dataset Zr, =[], 27, ], X1y = [2],+, 27, ]

collected non-adaptively.3 That is, T = (Z5, Z7, )t Z7, Xp, and:

é;—QSLS = (fT Z/} ZT/].}‘) _1/].—\‘1— Z/}YT .

SFormally, we say that a set of data (Zr,Xr,Yr) generated via the model in Eq. (3.1) is collected
non-adaptively from an experimental design if z; is Hg measurable for all 1 <t <T.
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We refer to the resulting estimator as a pseudo two stage least squares (P-2SLS) estimator.
The main advantage of the P-2SLS estimator over standard 2SLS (given in Section 3.7.2) is
easier inference since now {&;}.r of our dataset is independent of the measurements of the
first dataset Zp,, X7,. In the econometrics literature, such an estimator is referred to as a

two-sample 2SLS estimator (Inoue and Solon, 2010).

3.2.2  Confidence Intervals

In the section that follows, we develop a general algorithmic approach that relies on exper-
imental design aimed at reducing the uncertainty in our estimates of the optimal treatment.
To this end, we first develop finite-time confidence intervals for estimators presented in the
previous section given data generated according to the model in Eq. (3.1) and collected from
non-adaptive designs.

We begin by characterizing the properties of the noise structure in the combined model of

Eq. (3.5) with the following set of results.

Lemma 14.1. Under Assumption 1, the noise process v :=nT0+¢ is o2-sub-Gaussian where

o2 =2(02|0|3+ 1), specifically when the instance is compliance, o2 = 2(4[0]3 + 1).

Oracle Confidence Interval. As in the last section, we assume that we have access to
a dataset (Zr, X1, Yr) generated according to Eq. 3.1 and collected non-adaptively. Given
Lemma 14.1, it can be shown that w@\oracle is a sub-Gaussian random variable satisfying

the following.

Lemma 14.2. With probability at least 1§ for § € (0,1) and w € R?,

(0" Boracre = O)| <\ /202w, 1y 08(2/0),

where o is the sub-Gaussian parameter of the noise v = n"0+e characterized in Lemma 14.1.

The proof of this result is in Section 3.7.7.
P-2SLS Confidence Interval. We now present a novel finite-time confidence interval for
the P-2SLS estimator. As discussed in the previous section with respect to this estimator,

we assume access a set of data (Zp,, X ) generated according to Eq. (3.1) and collected
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non-adaptively for the purpose of estimating I'. Moreover, assume access to a separate set
of data (Zr,, X1, Yr,) generated according to Eq. (3.1) and collected non-adaptively for the

purpose of estimating 6.

Theorem 15. Suppose that T = (Z1, Z1,) 25, X1, and Op-os1s = (fTZTQZT2f)‘1fZ}2YT2.
Then, for any we W, with probability at least 1 -9 for § € (0,1),

— 4 —
W (Op-2515 = 0)| < [w] 52, -1 \| 202108| < | + Wl 4z, 1)1 10153/ 02log(Zz,,6/4),
2 ) 1
where

2TL; 2160 | 28102 1
nj ——10
A2 A Owin( 23 Z1,)) 5\ 2 A o (27 21,

log(Zr,6) := 8d1n(1 +

The proof is presented in Section 3.7.8. Observe that the first term in the P-2SLS es-

timator confidence interval given by \/203\|w|| log(4/0) matches the Oracle es-

?4<ZT2 )t
timator confidence interval in Lemma 14.2 when I' = I The second term scaling like
O(|w HA(ZT2 N 10]20,\/d + log(1/5)), is an upper bound on the approximation error w™(T~1T-
)6 for any w € RY, assuming that T is learned from an OLS estimator (see Theorem 19 for
details).

We will see that the form of this confidence interval is particularly convenient for our al-
gorithmic approach given in Section 3.3. In particular, the form of the variance HwHZA( Zry 1)
on the first term only depends on a design over instruments. Thus, we can choose an exper-

imental design over Z’s which reduces this variance optimally.

Remark 3. In practice we expect the first stage of samples, (Zr,, Xr,) to be collected from
either a burn-in period or from existing historical data. We remark that assuming two stages
of samples is common in the orthogonal and double machine learning for estimating nuisance
parameters in the data generating process (e.g. I') (Chernozhukov et al., 2018). Our result
matches the existing literature on the asymptotic variance of two sample 2SLS estimators

(e.g., Theorem 1 of Inoue and Solon (2010)).
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Remark 4. The asymptotic variance of standard 2SLS is known to involve a factor o2,
instead of o2 as we have (Greene, 2003). Recent work by Della Vecchia and Basu (2023)
shows a variance involving do?. However, it’s unclear how to use the form of their confidence
interval directly for experimental design. In addition, their work is not sufficiently general

to handle the general forms of noise that we consider in Lemma 1/.1.

3.3 Adaptive Experimental Design Algorithms

We now present adaptive experimental design algorithms for the CPET-LB problem. Our
main insight utilizes Eq. 3.1 by plugging the model for = into the top equation resulting in
the relationship

y=2"T0+60"n+e.

When I' is known, by Eq. 3.5, we see that CPET-LB reduces to a standard pure exploration
transductive linear bandit problem where the measurement set is given by {I'"z},.z ¢ R%
the evaluation set is W c R4, and the feedback model is given by y = v"0 + v where the
noise v = 0™y + € is sub-Gaussian and as before the goal is to identify argmax,ey w'6.
An existing approach to this problem is given by the RAGE algorithm (Fiez et al., 2019),
which we use as the basis of our approach. Addressing the case of unknown I' is our major
algorithmic contribution, where we develop solutions to improve our estimate of I" and learn
w* simultaneously. As a warm-up to this approach, we first consider the setting when I is

known.

3.3.1 Warm-Up: Known Structural Model

Algorithm 4 assumes a parameter L,, which acts as an upper bound on the sub-Gaussian
constant of the noise v = 8Ty + €. In each round k, an active set of potentially optimal
vectors W, ¢ W is maintained. CPEG aims to sample in such a way that reduces the
uncertainty of the estimates on the gaps (w—-w’)76 for each pair w,w’ € W, maximally each
round. In any given round the algorithm takes N, samples Zy,, the confidence interval of
Lemma 14.2 shows that the error in estimating (w —w’)76 scales with |w — w/”%FTZ;,kZNkF)-l'

This motivates utilizing an experimental design approach where we choose a distribution
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Ak € A(Z) to minimize max,, .55, [w -] (g, r.r722rm)-1. The number of resulting samples
taken from this design Vy is chosen to guarantee that the confidence interval of Lemma 14.2
is less than 27%. Then, the elimination step in Line 8 guarantees that all w € VW such that
(w* —w)T0 > 2-27% are then eliminated from the active set by round k + 1 of the procedure.
To actually choose our samples, as is common in this literature Fiez et al. (2019), we use an
efficient rounding procedure, ROUND that requires a minimum number of samples r(w).
Sample Complexity Guarantee. The sample complexity of Algorithm 4 depends on
the following problem-dependent quantity p*(7) that captures the underlying hardness of a
problem instance in terms of (W, Z,T",0), when ~ = 0, we abbreviate p*(0) = p*,
[w = wlfs. o armserrys

* = i . 3.7
)= i T w0 v (3.7)

Algorithm 4: CPEG: Confounded pure exploration with T’
Input: Z W, ¥ =T,6,L, >02,w

Initialize: k=1, W, =W, ( =1;
Set: f(w,w',T, \) = |w-w|
while [W;| > 1 do

2 .
(Zaez AT T22TD) 10

Ak = arg Minyea (z) MaXy wew, f(w, w’, I, A);

p(Wr) = minyea(zy maxy wew, f(w,w’, I, X);

Ny = [2(1 +w)22%p(Wy) L, log(4k2W|/5)] v r(w);
Pull arms in Zy, = ROUND(\, Ni) and observe Yy,;
Compute @712 = (Z]TkaNkF)_lZ]TVkYNk;

Wie1 = We\{w € Wi 3w’ e W, (w' - w,0E) > 2%}

k<« k+1;

6utput: The single remaining element in W

Theorem 16. Algorithm 4 is 6-PAC and terminates in at most c(1+w)L, p*log(1/0)+cr(w)
samples, where ¢ hides logarithmic factors of A := min,(w* — w,0) and |W|, as well as

constants.

The proof of this result is in Section 3.7.9. In the unconfounded case when I' = I and

1 =0,E;1[ex;] = 0 this matches the sample complexity of Fiez et al. (2019). In particular,
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for the case where Z = X = W, the problem further reduces to a standard multi-armed bandit,
and if € is 1-sub-Gaussian noise, Soare et al. (2014) shows that p* = O(X%, (6, -6;)72)), which
is the optimal sample complexity of best-arm identification for multi-armed bandits. The
following lemma shows that the conditioning of I' can have a strong impact on the resulting

sample complexity.

2

Lemma 16.1. For the compliance setting, we have miny.aa max; - ||e; —ejr|\(z?:1)\iweie;r)_l <

d0r2nit\ (F)71
A2

dmax; ;s [I'(ej —e;)|3. Furthermore, p* < y—

To further illustrate the impact of I, imagine an extreme setting where I' = (1-¢)/d11"+&l
and € ~ 0, i.e. T'is a perturbation of 1/d117. It’s straightforward to show that the upper
bound in the first display of Lemma 16.1 is of the order O(de=2) (this is also a lower bound
- see Section 3.7.13). In particular, the upper bound on the sample complexity is of the
form de2/A2. . This is in sharp contrast to the linear bandit case, when I' = I and we are
guaranteed a sample complexity of no more than d/A?. samples. To gain some intuition,
regardless of the choice of A, 3}, s A\iI'Te;e] '~ I'. As a result, p* - oo as € — 0. Intuitively in
the limit, regardless of which instrument i < d is being pulled, the resulting distribution on
the treatments is uniform (the instruments are weak). Thus, it is impossible to deconfound

the measurement noise, and recover an estimate of . This is a phenomenon which does not

arise in the standard multi-armed bandit case with unconfounding.

Remark 5. We also consider a setting where instead of given I directly, we are given an
estimate T of T based on offline data. We discuss such an adaptation of Algorithm 4 to
this setting in Section 3.7.10 and provide a sample complexity which reflects the error in I’
(scaling with p*(v) for v > 0). We remark that this result is subsumed by the approach of

Section 3.53.2 and so we omit it in the main text.

Lower bound. Due to the noise model from confounding and the dependence of the noise
071+ ¢, the instance-dependent lower bounds of Fiez et al. (2019) do not immediately apply.
We develop a lower bound tailored for the confounding setting that nearly match the
upper bounds of our algorithms. What’s more, our lower bound illustrates the additional

difficulty that arises from confounding by an additional factor of d? compared to the standard
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transductive linear bandit problem in the most general setting where entries of 7 are sub-
Gaussian, but not necessarily independent nor bounded. Due to space limit, we defer it to

Section 3.7.3.

3.3.2  Fully Unknown Structural Model

We now consider the setting where I' is fully unknown. The difficulty of this setting is
that the data collection process needs to support both estimation of I' and # simultaneously.

Our algorithm, built upon Algorithm 4, is summarized in Algorithm 6. At its core, each
phase of the algorithm is divided into two sub-phases, for estimating I' and 6 respectively.
Specifically, the second sub-phase is essentially same as Algorithm 4 with Ty, in place of T
where T, is estimated from the first sub-phase. The main novelty of our algorithmic design
lies in the first sub-phase, which resolves the challenge of performing the optimal design for
estimating I". To explain this challenge, the confidence interval for P-2SLS estimators of

Theorem 15 indicates that one should pull arms so that we control both Dy := maxy, . [|w —

2— —
A(Zr1y Lk

2

A2, ) (error from I'y) to be

w| ) (error from fp_sss) and Dy = max, . |w - w’|
below the target error O((?) at each phase (ignoring unimportant factors for discussion).
Controlling D, is trivial, which is done in the second sub-phase as we described above.

However, for Dy, a similar strategy cannot be done because the estimate T}, is computed
directly by sampling arms in Zp,. That is, the ideal design, based on which we will collect
data points z1,..., 2,, requires access to the random matrix T, that can only be computed
after sampling z1,...,2,,. This creates a cycle that seems impossible to resolve. Such an
issue, to our knowledge, has not been seen in existing work on pure exploration, and thus
resolving it is our key technical contribution.

Our solution is to compute the design based on T}, from the previous phase. We then
perform a doubling trick where we double the sample size (while following the computed
design) until Dy becomes smaller than the target error O(¢?). The intuition is that in
later phases the estimate T}, from the previous phase will be accurate enough to ensure

that the design is efficient. Note that this novel algorithm induces extra randomness in

how many samples we end up collecting in the first sub-phase, which remains random even
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Algorithm 6: CPEUG: Confounded pure exploration with unknown I'
Input: Z,W,6,L, > UZ,L77 > U%,w,’ymin < Amin(T), Ag, ko
Initialize: k=1, W), =W, I'o=1,(1 = 1;
Define: f(w,w’, T, \) = ||w -/
while W[ >1 do
Iy =F—estimator(Wk,fk_l,Ck,(S/kQ,w,)\E,M, Ln) // Step 1: update '
[ :9—estimator(Wk,5/k2,Ck,fk,w,Ll,) // Step 2: wupdate 0

. 32L . J .
M = 1 \ ]-a 64 = 102

2
(ZzeZ FT)‘Z'ZZTF)_lj 'Yzjino'min(A()\Evf))

Wit = Wi\ {w € Wy | Jw’ € Wy, s.t., (fw’ —w,@_QSLS) > Ck} // Step 3: elimination
k<k+1, ¢ =27

6utput: The single remaining element in Wy,

after conditioning on the history, unlike the second sub-phase. This makes the analysis

challenging, which we describe after the main result.

Algorithm 5: 6 — estimator
Input: W,6,(,T,w, L,

Output: ’H\P—QSLS

—

A = arg minye (z) MaXy wepw flw,w', T, \);

p(WV) = minyea (z) MaAXy ey flw,w',T,\);

Ny = [2(1 +w)(2p(W) L, log<4TW|)] vr(w);

Get N, samples per design A denoted as {Zy,X5,Y2} // via ROUND
Update Op-gsis = (T7 23 ZoT) "1 T7 Z] Ya;

Our algorithm additionally employs the so-called E-optimal design to ensure that the co-
variance matrix of the collected data used to estimate I' is well-conditioned. This condition-
ing is required to ensure that T'), concentrates fast enough to I' as shown in the analysis. The
E-optimal design is a well-known design objective in experimental design that aims to max-
imize the smallest singular value: A}, := argminyea(z) Omax(V1(A)), where V =3 .z A.227.
We denote g = 0max(V1H(AL)) = 0.4, (V(A%)) as the smallest singular value achieved by
the E-optimal design.

We present our analysis result Theorem 17 where we show that, even without knowledge

of I, the sample complexity scales with the key problem difficulty p* almost matching the

sample complexity of Algorithm 4 which relies on knowledge of I'.
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Algorithm 7: I' — estimator
Input: W,f,{,é,w,)\E,M,Ln
Define: Stop(W, Z,T',6) := maxy,wew|w - w/HA(Z,F)-l 10] 57/ Llog(Z, §)
Initialize: /=1, Noo=0 // doubling trick initialization
if T =1 then
while /=1 or Stop(VV7 Zoyg,f,,(;g) >1 do
Get 26_1(r(w) % %0) samples denoted as {Zoyg,X(),g,YO’g} per design Ag // via
ROUND
Update I” by OLS on {Zo ¢, Xo}, £ < € +1

else

A = arg minye (z) MaXy, wew flw,w',T,\)

N'= {4ng In (1+2M(d + L2) + 2M2gdM ) + 8M In (28} v r(w)J

while £ =1 or Stop(W, Zo4U Z1 4T, 5z) > ¢ do

N1y =2°N'// doubling trick update

Get Nj ¢ samples per X denoted as {Zl,Zle,ZvYI,Z} // via ROUND
/d

Noy = [2ngln (M(d+ Nyg+ 22)) 4 4MIn (25) v r(w) v n%]

Get (Noe — No-1) samples per Ag augmented to {Zo,g_l,X()’g_l} and get

{Zo,0, Xo0,0}
Update IV by OLS on {Zy U Z14, X0, U X1}, £« £ +1

Output: T’

Theorem 17. Algorithm 6 is 6-PAC and terminates in at most
(1+w)((Lylog(1/6) + Ly [0]5(d + log(1/6)))p* + (d + 1og(1/6)) (Ly||0]500 + M))

pulls, ignoring both of the additive and multiplicative logarithms of A, W, p*, po, M, where

321, .
'leninO‘min(A()\E, [))

po = 1max

" - wlg M=
weWs{w*} |U) w”(zzsz A TT22TT)1s and

Note that py does not get hurt by (w* —w,0), (p* does). It comes from the fact that in the

first phase, we initialize that algorithm with E-optimal design.

The challenge of the analysis can be summarized in two-fold. First, since the concen-
tration result in Theorem 15 is w.r.t. f‘k, we need to analyze how the random matrix fk

concentrates around I' and how this impacts the sample complexity. For this, we develop
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a novel concentration inequality that relates the confidence width involving [’ from Theo-
rem 15 with the same quantity involving I' in place of I'. Second, our algorithm creates a
long-range error propagation, which is highly nontrivial to analyze. To see this, the quality
of 'y, is affected by the design objective function maxy, . f (w,w’,fk_l, A), which depends
on the error of the estimate ['_; from the previous phase. This error is, in turn, affected
by the error of Dioo by the same mechanism. This is repeated all the way back to the first
phase. Thus, any abnormal behavior from the first iteration will have a cumulative impact
to even the end. In our analysis, we successfully analyze how the error is propagated from
the previous iterations, which forms a complicated recursion. Resolving this recursion is our

key novelty in the analysis.

Remark 6. Our algorithm requires knowledge of a lower bound ~min 0f Amin(I'). The knowl-
edge of Ymin s for simplicity only as one can obtain such a lower bound that is at least half of

the true value Apin (L) via an efficient sampling procedure that we describe in Section 3.7.12.

3.4 Experiments

We now present experiments a collection of experiments on CPET-LB problem instances.
The experiments demonstrate that our approach produces efficient designs for inference and

estimation.

3.4.1 Comparison Algorithms

The baselines that our approaches are compared with are discussed below. We run exper-

iments both when I' is known and when I is fully unknown.

Known I'.

To standardize the experiments, the baselines considered run in rounds mirroring the
structure of Algorithm 4. Specifically, in round k € N a sampling algorithm selects a design
Ak € A(Z), collects Ny, samples from the design, and forms a W - IV estimate of § with W =T
that is combined with a confidence interval (Lemma 14.2 to either eliminate evaluation

vectors or validate a stopping condition. The number of samples N, taken in round k € N
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by any of the algorithms is given by N, = [2(1 +w)(2p(Wi) Ly log(4k2W)|[6)] v r(w) where
pWi) = maxy wew, f(w,w’,T',\) for design A\, € A(Z) and an active set of evaluation
vectors Wi. The round sample count guarantees that given any experimental design, all
vectors w € W such that (w* —w)70 > 2-27% can be determined to be suboptimal by the end

of round k. The sampling methods we consider are now described.
e Static Oracle. This design selects Ay = argminycxz) MaXyewn {w+y f(w*, ', T, A).
e Static XY-Optimal. This design selects \j, = argmin, s (zy maxy wew f(w,w’, I, A).
e Static Uniform. This design selects A . =1/|Z| V z € Z.

e Adaptive Uniform (SE). This design selects A, = 1/[Wi| ¥ w € Wy. Note that this

algorithm is effectively an adaption of action-elimination (Even-Dar et al., 2006) .

The static designs are independent of the round and simply terminate when all evaluation

vectors can be eliminated except for a recommended optimal vector .

Unknown I'.

For this set of experiments, we compare Algorithm 6 against a collection of variations of
the sampling procedures. Specifically, we compare against methods that either replace only
the experimental design for estimating I', or only the experimental design for estimating 6,
or both with uniform sampling. We label the approaches as N — N, where N represents
the sampling approaches (XY or uniform) for I" and 6 respectively. Moreover, to make our
approach more practical, we modify the algorithm so that log(Zr, ) = 4d +log(1/). The
step of incrementally adding more E-optimal design samples is also removed, so we collect
E-optimal design samples only once in the beginning of Algorithm 7. We find that even with

these modifications to the algorithm, correctness is maintained empirically.

3.4.2  FExperiment 1: Jump-Around Instance

We first return back to the location model of Section 3.7.1. Recall that Z =W = X =
{e1,,eq}. For this experiment, we take d = 6, let 6 = [1 -0.95 045 045 0.95 0,45]

and o2 = 0.275. The results of the experiment are shown in Figure 3.3a for the case of known
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Figure 3.3: Sample complexity for algorithms on CPET-LB problems. Our approach is consistently
competitive across the experiments.)

I'. We see that Algorithm 4 performs much better than the baselines and nearly matches
the oracle design. Delving into the approach, it is able to quickly eliminate all but w; and
wg-1 and then puts more mass on z; and z4_; to reduce the uncertainty on w; and wqy_q. For
the case of unknown I'; the results are shown in Figure 3.3d, where 05 is reduced to 0.9 so

that all approaches could finish.

3.4.83 FExperiment 2: Interpolation Instance

Let Z=W =X = {e1,-, eq} define the measurement, evaluation, and observation sets. We
first consider that I' := Q%‘S)ldlg +ely for a parameter ¢ € (0,1) where 14 is a d-dimensional
vector of 1’s and I, is the d-dimensional identity matrix. For this experiment, we take d = 4
and let 6 = [0,5 0.583 0.67 0,75]. As in all compliance instances, 7, = ;- ' z;, and in this
simulation 7, = 0.4n] vy, where v; = 9;/| 0|2 and 7, ~ N'(0, I). The results of the experiment
are shown in Figure 3.3b for ¢ € {1,0.9,0.8,0.7} with T" known. Note that Static-XY and
Uniform overlap, and SE and CPEG overlap. We see that Algorithm 4 and the adaptive
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uniform strategy perform similarly and near optimally. This is to be expected since the
most efficient way to gather observations for treatments is to encourage that treatment,
given that if the encouragement is not followed each of the alternatives is equally likely and
provides no additional information of interest. Moreover, as discussed earlier, the problem
gets more challenging as I' - 141]/d. Note that the identity matrix could be replaced with
a permutation matrix, in which case uniform sampling with elimination becomes highly
suboptimal. The results for the case of I' unknown are shown in Figure 3.3e with € = 0.99.
This shows the value that comes from the experimental design for estimating both I' and 6.

To demonstrate the superiority of our algorithm over SE, we also consider that I' :=

(1;5) 141} +eI?, where I' is a permutation matrix as follows,

o o O
o o O

o o = O
o = O O

All other settings remain the same as in the previous interpolation instance. The results for
the known I' case, shown in Figure 3.3c, indicate that SE exhibits significant underperfor-
mance due to its sampling rule not accounting for the permutation effect in I". In contrast,
CPEG consistently achieves near-optimal performance. Note that Static-XY and Uniform
still overlap. Figure 3.3f presents the results for the unknown I' case, where we can no-
tice that, comparing with Figure 3.3e, estimating different permutation matrices (with the

identity matrix as a special case) does not affect problem difficulty.

3.5 Conclusion

This work introduces the CPET-LB problem in which the learning protocol is characterized
by a linear structural equation model governed by parameters [' and #. We provide a general
solution that simultaneously estimates the structural model while optimally designing to
learn the best-arm. The key ideas behind our approach are based on linear experimental

design techniques, an instrumental variable estimator whose variance can be controlled by
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the design, and novel finite-time confidence intervals on this estimator. This paper presents
a number of directions for future work including considering situations where the d, # d,
analysis to improve the dependence on the underlying noise variance, and the pursuit of a
tight information-theoretic instance-dependent lower-bound. We hope that this line of work
motivates increased discussion of the real impact of confounding on applicability of adaptive

experimentation.

3.6 Related Work

Our work is at the intersection of several parallel tracks of literature, pure exploration
linear bandits, causal bandits, and econometrics. The most relevant work on pure exploration
in linear bandits is the RAGE algorithm of Fiez et al. (2019); Soare et al. (2014). RAGE is nearly
instance optimal for linear bandits in the non-confounded setting. Extensions of RAGE to
various noise models including logistic and heteroskedastic noise have been considered (Weltz
et al., 2023; Jun et al., 2021). Other algorithms for pure exploration linear bandits have
been proposed - and we leave it for future work to extend the ideas of this paper to those
settings (Li et al., 2023; Degenne et al., 2020).

Confounding in bandits was first considered in the regret minimization setting by Barein-
boim et al. (2015). They introduces the Multi-armed bandit with unobserved confounders
(MABUC) problem. They empirically demonstrate traditional bandit algorithms can have
linear regret in this setting and provide an algorithm that effectively employs observed intu-
ition. The early work of Kallus (2018) also assumes there is an additional unobserved latent
class at each time that determines confounding in a compliance setting. They provide novel
notions of regret, relative to the instrument with the highest reward (argmax Z™I'70 in our
notation), the highest treatment (argmax, w76), regret relative to the best latent class at
each time, and regret on the set of “compliers”. They discuss the suitability of these various
notions of regret, and discuss when sublinear regret is possible. We remark that their ap-
proach is similar to ours in the sense that they assume a form of homogeneous effects across
the population, and use an estimate of I'. Recently Kveton et al. (2023) also consider the

problem of compliance, however they don’t take explicit non-confounding into account and
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assume an explicit parametric model that determines the non-compliance. This is analogous
to the Heckman selection model considered in econometrics (Greene, 2003).

The recent works of Della Vecchia and Basu (2023); Zhang et al. (2022); Gong and Zhang
(2022) considered an online setting where at each time they observe a set {(zy,2;)} where
x; is the action of interest and z; is an associated instrument. If action I; is selected, the
reward observed is y; = x}té’t + &4, where x; may be endogeneous. Similar to the standard
linear bandit setting (Abbasi-Yadkori et al., 2011; Lattimore and Szepesvari, 2020), the goal
is to minimize regret relative to the best action at each time. We remark that this setting
is very different from ours. Effectively, we are choosing which instrument to select at each
time to learn the best-performing treatment - in particular we can’t choose a particular
intervention. In their setting, they are choosing an intervention at each time and using the
instrument purely for de-confounding the result. Experimental design for instruments to
have more effective estimation has been considered by Chandak et al. (2023).

In the causal bandit problem, an underlying causal graph between a set of interventions
and a reward value is assumed. Actions correspond to intervening (i.e. a “do” opera-
tion (Pearl, 2009)) at one or more specific nodes in the causal graph and then observing the
corresponding value at the reward node. Causal bandits have been studied extensively in
the regret setting (Lattimore et al., 2016b; Lu et al., 2020; Bilodeau et al., 2022) and the
pure exploration setting (Sen et al., 2017). Though past works have allowed for unobserved
confounders in the graph e.g. Malek et al. (2023), their goal is to learn the best performing
intervention, which in our setting would be argmax,.z 2710 instead of w*.

Encouragement designs have been considered in many applications in online and offline
settings. One of the earliest works on encouragement designs is Bradlow (1998), which
considers the problem of using encouragements to determine the impact of coupons at a
grocery store. More recent applications include Bakshy et al. (2014); Mummalaneni et al.
(2022); Engineering (2023) all in the context of online services and treatments that are
required to be served to all users. Most of these works consider a small number of treatments
and a heterogeneous treatment effect - hence are interested in LATE estimator. As far as
we are aware, we are the only work that considers adaptive encouragement design in the

context of the model given in Equation 3.1 and for multiple treatments.
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3.7 Proofs

3.7.1 llustrative Fxample

We now present an illustrative experiment that highlights the challenges of endogenous
noise and the insufficiency of standard experimentation approaches used in the absence of
confounding.

Instance Definition. Toward connecting back to membership example in Section 3.1, con-
sider that a service has d membership options given by the set A = {1,...,d}. Let the set
Z ={ey, -, eq} represent encouragements (incentives or advertisements) for the correspond-
ing membership options given by W = X = {ej,---,e4}. We consider a location model that

assumes each user ¢ € N arriving online has an underlying unobserved one-dimensional prefer-

2

2). If an algorithm presents the user with encouragement zj, = ej, for I, € A,

ence u; ~ N(0,0
then the user selects into the membership level given by J;, = minje4 |I; +u¢—j| so that x, = e,,.
For a visual depiction, see Figure 3.4a. This process captures a user being more likely to
opt-in to membership levels that are closer to the encouragement that they were presented.
The outcome is then given by y; = ;6 + u;. This problem instance is a specific compliance
instance. For this experiment, we take d = 6, let 6 = [1 -0.95 0 0.45 0.95 0,99] and
02 =0.35. Observe that the optimal evaluation vector is w* = e; = arg max,,.,, w'.

We simulate a UCB strategy which maintains estimates of the average reward of each of
the possible d incentives, namely fI;; = Y4 1{2; = ¢;}y; and then pulls the one with the
highest upper confidence bound. This models current practice of using a bandit algorithm
to select which incentive to show a user. Our results averaged over 100 simulations are in
Figure 3.4d. At each round we estimate the average reward of each level using an OLS
estimator, i.e. @%LS =Y W = e}y /S8 1{x, = e;}, and check whether it matches
the true value (denoted as UCB-OLS). We also consider an instrumental variable-estimator
(see the next Section) which incorporates knowledge of I' similar to 2SLS to deconfound
our estimate (UCB-IV). As the plot demonstrates, UCB-OLS completely fails to identify
01 = argmax;eq 0; (this line is hard to see it is at 0) due to a biased estimate, whereas UCB-

IV does better. However, UCB-IV methods seem to have a constant probability of error.

To see why, note that the expected reward from pulling z = e; is e/I'd. These values are
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plotted in orange in Figure 3.4c. In particular, with some constant probability, UCB runs
on the empirical rewards from pulling z’s zeroes in on arm 6, and as a result fails to give
enough samples to learn that arm 1 is indeed the best. In contrast, our proposed method
CPEG, Algorithm 4 manages to find the best arm with significantly higher probability (the

algorithm was run with § =.1) in the given time horizon.

3.7.2 Standard 2SLS estimator

Consider U =Tygrg = (Z1Zr) ' Z;Xr. In this setting, we recover the standard two-stage-

least-squares (2SLS) estimator,
Oosis = (X7 2r (21 2n) " 27 Xp) ' X7 (23 2r) " 2yYe = (23X0) ' 21V

Note that the 2SLS estimator is a biased, but consistent estimator of the parameter 6 (Angrist
et al., 1996; Greene, 2003).

Note that in particular, the asymptotic variance of 25LS is known to be o2 |w] 7;__ 2727 Tas) 1
(Greene, 2003). Recent work by Della Vecchia and Basu (2023) provides a confidence inter-
val of the form |wT(fass — 0)| < O(dagHwH(f;mZ;ZTESLS)_I\/log(T/(S)). However, it’s unclear
how to use the form of their confidence interval directly for experimental design due to the

dependence of [ys15 on the random quantity X. In addition, their work is not sufficiently

general to handle the general forms of noise that we consider in Lemma 14.1.

3.7.8 A non-interactive lower bound

Due to the noise model from confounding and the dependence of the noise 87y + ¢, the
instance-dependent lower bounds of Fiez et al. (2019) do not immediately apply. In this
section, we develop a lower bound tailored for the confounding setting.

Toward characterizing the optimal sample complexity, we develop a lower bound for a
specific non-adaptive algorithm A that has access to the matrix I' governing the structural
equation model. In particular, suppose that the non-adaptive algorithm A is allowed to
select a sequence of T' measurements {zy,,...2y, ..., 21, } to query prior to collecting any

observations, where I, represents the index of the vector z € Z chosen at time ¢t € {1,...,T}.
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Figure 3.4: (a) A visual depiction of the problem instance from Section 3.7.1. The user is pre-
sented with encouragement I; € A and the user choice is given by J; where J; = minje4 |l + us — j
and u; ~ N'(0,02). (b) A heat-map showing the structural parameter T' for the problem instance
from Section 3.7.1. (¢) A bar chart showing E[y|lz = w] =w'0 and E[y|z = w] = 2'T9 for all we W.
This chart shows that the optimal evaluation vector is w* = e; = argmax,.y E[y|lz = w], while
es = argmax,,.)y E[y[z = w] and consequently estimation based on this quantity is problematic. (d)
The probability of identifying w”* = e; for a collection of algorithms on the CPET-LB instance de-
scribed in Section 3.7.1. Standard optimistic sampling approaches in combination with an ordinary
least squares estimator leads to faulty inferences. Given an instrumental variable estimator, these
experimental designs eventually give high probability identification but do so inefficiently compared
to our proposed approach (see Section 3.3).
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Then, given the observations {y1,...,...v:,...,yr} generated by the environment, a candi-
date optimal vector @ € W is returned by the algorithm. We are interested in the necessary
number of observations T' that must be collected in order to ensure P(@ # w*) < ¢ for some
5 € (0,1). Thus, it is natural that the optimal non-adaptive algorithm .4 using the estimator
@\omcle forms a recommendation rule such that @ = arg max,,.y wT@\orade. We now state our

lower bound result with respect to the non-adaptive oracle algorithm.

Theorem 18 (Non-Adaptive Oracle Lower Bound). Consider a problem instance charac-
terized by W c R4, Z c R4, T' € R4, gnd 0 € R?. Assume I' is known, 0 is unknown,
and the noise process is jointly Gaussian and defined by ~ = [7) g] ~ N(0,%) where
¥ € RO s an arbitrary correlation matriz. For § € (0,0.05], if the non-adaptive ora-

cle algorithm acquires T < o2p*log(1/6)/2 samples on the problem instance where 02 := vT¥v

and v = [6 1] e R+ then P(W # w*) > 0.

Corollary 18.1. There exists a problem instance characterized by W c R4, Z c R4, ' € Rdxd,
and 0 € R? with a noise process satisfying Assumption 1 such that if the non-adaptive oracle
algorithm acquires T < max{d|0|2,/d|0]2}p*log(1/5)/2 samples, then P(@ # w*) > & for
5 €(0,0.05].

The proof of Theorem 18 is in Section 3.7.4. Notably, the result is reminiscent of lower
bounds for the standard pure exploration transductive linear bandit problem without con-
founding (Fiez et al., 2019; Katz-Samuels et al., 2020) when given the measurement set
{I'"z}.ep, evaluation set Z, and parameter 6.

Notably, the upper bounds for our algorithms nearly match the lower bound of Theorem 18.
However, it is interesting to observe that the sample complexity incurs an additional factor
of d? relative to the standard transductive linear bandit problem in the most general setting
where entries of n are sub-Gaussian, but not necessarily independent nor bounded. This
illustrates the additional difficulty that arises from confounding. We point out that this
is not likely to be a tight lower bound. In particular, it is a lower bound with respect to
a non-adaptive algorithm that uses the particular choice of estimator. We leave improved

lower bounds to future work.
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3.7.4  Proof of Theorem 18

Theorem 18. Consider a problem instance characterized by W c R4, Z c R4, T" e R4 qnd
0 € R?. Assume I' is known, 0 is unknown, and the noise process is jointly Gaussian and
defined by vy = [77 5] ~ N(0,%) where ¥ € RU+Dx(d+1) s an arbitrary correlation matriz.
For § € (0,0.05], if the non-adaptive oracle algorithm acquires T < o?p*log(1/6)/2 samples

on the problem instance where o? :=v"%v and v = [9 1] € R then P(w + w*) > 9.

Proof. We begin by recalling the framework of the non-adaptive oracle algorithm and dis-
cussing the properties of its estimator for the noise structure described in the statement of

the result.

Non-Adaptive Oracle and Instance Definition. The non-adaptive oracle algorithm
A selects T' measurements to query prior to collecting any data. Let I, represent the index
of the vector z € Z chosen at time ¢ € {1,...,T}. The noise process for the instance under
consideration is assumed to be jointly Gaussian and defined by ~; := [77t 5t] ~ N(0,%)
where 3 € R(@#Dx(d+1) jg an arbitrary positive semidefinite matrix. Defining z;, := ['"zy,,

V= [9 1] € R¥1! and vy := v7,, the feedback model can be described as follows:

Ye =20 + &4

(T'z,)"0+ 100 +¢

(DT2) "0+ 0™y,

-
: Iltg"r‘ Vy.

Observe that the noise is independent and identically distributed as v, ~ N (0,0%) where
o2 := v"%v since v, ~ N (0,X). Moreover, the noise process is exogeneous with E[v4|Z;,] =0
since Zj, is deterministic given the index choice I;.

Let {z;,}L,, {75, }L,, and {y}L, denote the observations collected by the non-adaptive
oracle algorithm A and define Zy € RT*4, X e RT*d and Yy € RT to contain the respective

stacked observations. Algorithm A obtains an estimate @\oracle by minimizing the sum of
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squares as follows:
/e\oracle =arg minge[[gd Zthl(yt - jft@\)2 = (XJT“XT)_IXQT“YT = (ZIT“ZTF)_IZIT"YT

Given @\omcle, the non-adaptive oracle algorithms A returns a recommendation defined by @ =
arg max, wT@\orade. Note that since @;racle is obtained by least squares with exogeneous,
independent and identically distributed mean-zero Gaussian noise, it is straightforward to

verify the estimator is distributed as
/G\Oracle -0 NN(()’JQ 'A(ZTar)l)a (38)

where

T
A(ZT, F) = ( ZFTZ]tZ]tF) = X%XT = FTZ,}ZTF
t=1
Proof by Contradiction. To begin, recall that

*

: Jw* =wl -
= min max
AA(Z) wewn{wr)  (w* —w, 0)2

Suppose for the sake of contradiction that the number of samples collected by the non-
adaptive oracle algorithm A is T' < o2p*log(1/§)/2 and P(@ # w*) < ¢ for 6 € (0,0.05]. To
reach a contradiction, we analyze the distribution of (w - w*)T@\ for some w # w* and show
that with probability at least ¢ it is positive. We remark that this proof follows similar
techniques to that of the proof of Theorem 3 of Katz-Samuels et al. (2020).

Let A € A(Z) represent the empirical sampling distribution of the algorithm A, which is
defined such that A, = = ¥, 1{z;, = z} for each 2 € Z. Moreover, define

*A = d NE
PN = e g M e aremax —p o

Note that p*(\) > p* and observe by definition,

ANT)T (TaezALT22D)1
T = = -

T -1
(ZFTZ[tZ[tF) = A(ZT,F)fl.

t=1
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Thus, by Eq. (3.8), _
) A(/\,F)‘l)

é\[]racle -0~ N(07 o T

and

(’&7 - w*)T(le\Oracle — 9) N ( 0_2 ' ||w* - w”i(xi‘)—l )
(w* —w,0) ’ T-(w*—1w,0)2 )

Furthermore, by the definition of p*()), the assumption T < o2p*log(1/6)/2, and the fact

p*(X) > p*, we obtain

—~ n * - w 2 A
V( (w _ w*)T(QOracle — 0)) Y ||w wHA(X,F)*l — 2. p*()\) N 2 (3 9)
(w ~,0) T-(w ~@,0)? T log(1fo)

Now, consider a random variable W ~ A/(0,1). Proposition 2.1.2 of Vershynin (2018) gives

an anti-concentration result showing that for all ¢ > 0,

1 1 1 2
P(W > z(———)—e—C /2, 3.10
We apply this result to the quantity (@ — w*)"(fgracte — 0)/{w* — @,6) to conclude that
(W - w*)T@Bracle > 0 with probability at least §. Toward doing so, let ¢ € (1,1.15] be a

constant and define

— 2 w _ c
WNN(O’log(l/é)) ¢ S e T Resaey
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Observe that W ~ N(0,1). The following analysis holds for ¢ € (0,0.05] given that ¢ €
(1,1.15] as assumed:

P( (@ - szwy_(el%e; -0) | C) > P(W > ¢) (By Eq. 3.9)
W ¢
=P 2
(\/2/log(1/(5) ’ \/2/log(1/5))
=P(W >7)

1 1
- —) e7*12 (Proposition 2.1.2 Vershynin 2018)

V27

cy/log(1/5)  ¢3\/log(1/5)

P N N
5

\/53 1 602/4
3 2T

The final inequality can be verified computationally. Thus, with probability at least o for
d € (0,0.05], we obtain

(@ = w*) Opracie > c(w* =)0+ (T -w*)"0
=c(w* -w)"0 - (w* —w)"0
=(c-1)(w*-w)"

> 0.

Observe that the final inequality holds since ¢ > 1 and (w* —@)76 > 0 by definition.

This result directly implies that with probability at least ¢ for § € (0,0.05], the vector
@ returned by algorithm A is not w*. This is a contradiction, so we conclude that if the
non-adaptive oracle algorithm A acquires T < 02p*log(1/0)/2 samples, then P(@ # w*) > §
for 0 € (0,0.05]. O

3.7.5  Proof of Corollary 18.1

Corollary 18.1. There exists a problem instance characterized by W c R?, Z c R4, T" € Réx4,

and 0 € R® with a noise process satisfying Assumption 1 such that if the non-adaptive oracle
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algorithm acquires T < max{d|0|2,/d|0]2}p*log(1/5)/2 samples, then P(@ # w*) > & for
5 € (0,0.05].

Proof. To begin, consider the specifications of Theorem 18 and its result. That is, a problem
an arbitrary instance characterized by W c R4, Z c R4, I' € R¥4 and # € R? where the
noise process is jointly Gaussian and defined by v := [77 g] ~N(0,%) where ¥ € R(@+1)x(d+1)
is an arbitrary correlation matrix. Observe that the noise process defined by ~ satisfies
Assumption 1. The result states that if the non-adaptive oracle algorithm acquires 7' <
o2p*log(1/5)/2 samples on the problem instance where o2 := v"¥v and v := [9 1] € R+
then P(@ # w*) > ¢ for ¢ € (0,0.05]. From this point, we show that there exists a parameter
0 and correlation matrix ¥ such that o2 := v™%v > max{d||2,+/d||0|»} in order to reach the

stated conclusion.

Notation. Let (,,. € [-1,1] denote the correlation between 7; and ¢ for i € {1,...,d}.
Similarly, let ¢, = Cym € [-1,1] denote the correlation between 7; and n; for i # j €
{1,...,d}. Note that the correlation of n; with itself for i € {1,...,d} is 07 = ¢, = 1 and

similarly the correlation of ¢ with itself is 02 = (.. = 1. The correlation matrix ¥ is then

given by ) )
1 Cm mo Cnd,m Ce,m
Cm T2 1 o Cﬁdmz Cé M2 > C
= . . . . — 0 € ,
ne 1
Cm Nd an na 1 Ce,nd
Cm,s Cng,a Cnd,s 1
where
1 Cﬁz mo Cnd,m C?h €
1
Ee _ Cﬁlﬂh CT]dﬂD c [_1’ 1]d><d and Cn’g _ <7]2,€ c [_17 1]d.

C??M?d anﬂid 1 Qnd,a
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Moreover, we use the notation ¥, € R? to denote the i-th row of 3}, or equivalently the

i—th column of 3, for any i € {1,...,d}.

Lower Bounding Noise Variance. Given the above notation, we now work toward lower

bounding o2 := v"¥v. Observe that by algebraic manipulations,

T

VTS = 26 gn,e 0
g, 1|1

0
= [HTEg L HCne 0780+ Cpe o 0780 4+ Cae 07Che + 1]
, : : 1

d d
=97 Z; ¥5.:0i + Z; Copcli +07¢,c+1

=050 +207(, . + 1.

Since Yy is a real symmetric matrix, an eigendecomposition exists such that ¥, = QAQT
where A = diag(\i,...,\g) € R4 is a diagonal matrix containing the eigenvalues of Xy and
Q € R¥4 is an orthogonal matrix with columns corresponding to the eigenvectors of ¥y. Let
¢; = Q] denote column 7 of the matrix @) for ¢ = {1,...,d}, which is equivalently eigenvector
i of 3 for i ={1,...,d}. Without loss of generality, assume that the eigenvectors are of unit
length so that ||g;[2 =1 for all i = {1,...,d}.

Given this information, suppose that the parameter 6 in the instance is equal to a scalar
multiple of the eigenvector of ¥y corresponding to the maximum eigenvalue. Note this is
equivalent to the statement that 6 is equal to some scalar multiple of the column ¢, € R4 of
the matrix () where ¢, is the eigenvector of ¥y corresponding to the maximum eigenvalue
A*. Thus, we take 6 = c- ¢, for some ¢ € R and observe that |6y = ¢. Toward quantifying the

value of v™>v for the problem instance, we begin by characterizing 8746 for the choice of
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. Consider the following analysis:

075,60 = TQAQTH

= (cq.)"QAQ (cqx) (0 :=cq.)
T
= |0||%q1|:q1 cen q* qd]A[ql q* cee qd] Q*
.
“10BJ0 a3~ ofdiagChu o X A0 gl - 0]
(¢iq; =0 Vizj)
= [|0] 21" (lgel2=1)

Thus, in general for this choice of 6,
v v = [03A +207¢, . + 1.

To conclude, take ¥y := 141} where 1, represents the d-dimensional vector of all ones. Since
this is a rank-1 matrix, the maximum eigenvalue is A* = 1)1, = d and the remainder of
the eigenvalues are zero. Observe that ¢, = 14/ V/d is an eigenvector corresponding to the

maximum eigenvalue since 141)¢. = dg.. Thus,

VTS0 = ||0||%/\yr + QQTQ%E +1
= 013N +2]0]21514/Vd + 1 (0= cg. = [0]214/V/d = and G, = 1)
= d|6)2 +2V/d|6] + 1
> max{d|0]3, /] 0]}.

This completes the proof since we have shown that there exists a parameter  and correlation
matrix ¥ such that o2 := v"Sv > max{d||2,/d||d|,}, which by Theorem 18 allows us to

make the stated conclusion. O
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3.7.6  Proof of Lemma 1/.1

The first statement is an immediate consequence of Lemma 18.2 and the second statement

is proven in Lemma 18.1.

Lemma 18.1. In the compliance model, the noise n"0+¢ follows a (8“9“3 + 2)—sub—Gaussian

distribution.

Proof. In compliance, we have z,x € {e1,--+, €4}, and
n=x- (]P’(e1 | 2), -, P(eq]| z))T.

Let us figure out the sub-Gaussian parameter of the random vector 7. Fix any unit vector

a. First, we have E[(n,aa] = 0. Second, we have

|T)Ta‘ <7l (Cauchy-Schwarz inequality)
T - (]P’(el | 2), - P(eq | z))T
2
(B(er | =), Blea| =)' 2)

(P(ex 1), P(eal ))H) (e fer,ea} and Ja], < ], Va)

<

IN

]y +

1+

IN

=2.

Thus, n7a is bounded and zero-mean and thus 22-sub-Gaussian. This implies that

6222

V3, max E[exp(8(n,aa)] < exp( ) .

a:fal<1

and thus 7 is a 22-sub-Gaussan random vector. Then, 770 is (2|6 )2-sub-Gaussian.

Using Lemma 18.2, we have that 760 + ¢ is 2(4/0]? + 1)-sub-Gaussian. O

Lemma 18.2. Let A and B random variables that are each 0124- and U%-sub-Gaussz'an but

are correlated. Then, A+ B is 2(0% + 0%)-sub-Gaussian.
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Proof. By definition of sub-Gaussian, we have for any v € R,

E[exp(fy(A + B))] = E[exp(fyA) exp(’yB)]
< \/E[exp(?yA)]\/]E[exp(}yB)] (Cauchy-Schwarz)
< \/exp(2'y?ai)\/exp(2’y2a%)

< exp(272(0?4 + U%)).

3.7.7 Proof of Lemma 14.2

Lemma 14.2. Suppose that T observations are collected non-adaptively from the structural
equation model in Egs. (3.1) and T’ € R%4 s known. Then, with probability at least 1 -0 for
d€(0,1) and w e R?,

0" Boracte = )] < \/202[w] 4701y 108 (2/5).

where o2 is the sub-Gaussian parameter of the noise process v:=nT0 + € as characterized in

Lemma 14.1.

Proof. Given the knowledge of I', we have the oracle 2SLS estimator

N T . o T o
Ooracte = Z zs(FTZs) Z ZsYt = Z ZSZ;FF Z ZslYt-
t=1 t=1 t=1

t=1

Note that

Yy =x[0+¢e, = (Fth)TH +1.0 + €.



Denote v; =

n; 0 +¢¢. For any w e W, we have

-1

(aracle -0, w) =

T
Y 2z,2]T
t=1
T
Y 22T
=1

T
Z ZsYt — ‘97 U)>
t=1

-1

||Mq

~
—_

zs(z;FG + I/t) -0, w)

T T
Z zsz 10 + Z zsyt) -0, w)

t=1 t=1

By Lemma 18.1, the noise v, is o2-sub-Gaussian, we have

. -1
( Y 2z2]T zq,w>uq
t=1

2
((Zt 1%s%s F) Zgs W > o2-sub-Gaussian. Thus

Concisely,

2

R ¢ T -1 1
P <00racle_‘97w> 2 22<(ZZSZSTF) Zq,w> aglog(g) < 0.

q=1

(o) o () () () )

135

(3.11)
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Thus,

—

d 1
— T T T 2 _
P <eoracle 6,’(1]) 2 2wT| T (tz; ZSZS)F wao, lOg(é) < 9.

We can further write it as

n | 1
P (Qoracle - 07 ’LU) > \I 2|w|ZFT(Z$_1 zsz;)F)lag log(g) < 5

By taking a union bound over, we have the confidence interval for the absolute value as in

the statement of the lemma. OJ

3.7.8 Proof of Theorem 15

Theorem 15. Suppose that T is estimated through a design matriz Zp, € RTi*d gnd Op-zs1
is estimated through a design matricz Zz, € R™*d. Then, for any w € W, with probability at

least 1 -9,

— 4 —
0 a5 0) < nwnA(ZTQf)_l\‘ 203108( )+ s, 11101/ oR 2 ).

2 is the sub-Gaussian parameter of the noise v := n'0 + ¢, o7 is the sub-Gaussian

where o

parameter of the noise n, and

+ 2TL; + 161 [ 28 10g2 1
ny——10
A2 N owin( 23 71,)) 50\ 2 n o (27, 21

log(Zy,6) = 8dIn (1
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Proof. For the pseudo 2SLS estimator, we have

-1
_ T
Op-2sLs — 0 = Z ZItZItF Z zr,ys — 0
t=1 t=1
-1

To R Ty
= ;zhz}tf ;th(z}tFGJth)—@

-1
T2 e T2 T2

_ T T

= Zzltzltf ZZItZItFQJFZZItVt -0
t=1 t=1 t=1

Ty . g .
= Zzltz}tf‘ Zzltl/t+(f"1f‘—[)0.
t=1 t=1
For any w € W, we have
—_ T2 — B T2 —
(‘91:-25]_5 —9,w> = ZZ[tZ};F 2Vt + (F_IF—I)Q,U)>
-1
Z[tZ}—tF) TR w) + ((F‘lf‘ - [)9, w)
t=1
-1
Ty R R
(Z zltz}tf) 21,5 w>yq + <(F_1F - ])9, w)
T . - .
Y. z,2 T zlq,w>yq+ <<I‘_1 —F_I)Fe,w>. (3.12)
We upper bound the first term and the second term separately. For the first term, by
-1 -1
Lemma 14.1, we know v is 02-subGaussian, we have Z:ﬁl(( 2 z;tz}tF) z;q,w)yq is ZqTZl<( o, z}tf) 2

subGaussian. Thus by the concentration inequality of subGaussian random variables, we

have

2

T [ Ts . - o [ 1y —~ - 2 )
P Z( lzltz;tf Z]q,w)l/q2 22( ;zhz}tf‘ zfq,w> aﬁlog(g) 35.

q=1 t= q=1
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By similar calculation as (3.11), we have with probability at least 1 - %,

-1

Ts Ts . -1 - T, —~ 2
Z( 2,2y, 1 Z[q,U))I/qS 20| T[> 2,27 |T waglog(—)
=1 \ t=1 0

q=1

2
e ] (313)

IN
-~

Thus with probability at least 1 — g,

— 2 —
<9P—QSLS - 0, w> < HwHA(ZTQ,f)*l 20-3 log(g) + ((F_l _ F_l)re, w>

By Theorem 19, we have with probability at least 1 — g,

((F-l ) P—1>F9,w> < [wl 4z, 771 161\/o2108( 21, 6/2) (3.14)

Combining (3.13) and (3.14), we have with probability at least 1 -9, for any w e W,

_ 9 —
(wmva@swu%ﬁww%w%g+mm%ﬁww¢ﬁ%wﬁwn

By a union bound, we have the confidence interval for the absolute value of the inner product,

— 4 —
0 e =00 < Ll | 2708 5) # s 01 08 21,370,

]

Theorem 19. Suppose that the least square estimator T is estimated through a design matriz

Zp, € RTvxdthen it satisfies, with probability at least 1 -9,

<(f-1 ), w> < [l aczy, £y 101y/o2008( 213, 8)

for any weW.
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Proof. Define V' = Z}, Zr,, S € RT1*? as the matrix with i-th row being 7/, the stacked noise,

i.e., the data collection process of the design matrix Zp, is X = Zp,I'+.S. Then we have

((f—l - r—l)re, w> =uﬂ(f—1 - r-l)re
~w™(C+ V2], 8) V2] ST'TY (Lemma 21.10)
=w TV 2y -12 71 S
T
<[ TtV |22y g6
<Nl sz, v [V1225,5], 101

<Nl sz, 72161\ o208 (22, 5).

where the last inequality is due to Lemma 19.1. O]

Lemma 19.1. Suppose we have zq, ..., 21 € R? and M,y \N7 € R? such that N | 21, My - - s 271, 71, 2T
is o2-sub-Gaussian vector (defined in Assumption 1). Let Z,S € RT™*? be matrices whose t-th

row is z{ and n] respectively. Suppose |z| < L., Vt. Let V = Z7Z. Then, ¥Y§ € (0,1), we
have, with probability at least 1 -4,

T [2 2.64 4
2z1S| < In|1 : 16In | —-log; | ———— | |-
HV TSHOP B Uﬁ\l ¥ n( T d(2 A omin(V)) + 1ol 0 o8 2N omin(V)

We abbreviate log(Zy,6) = 8d1In (1 + L) +161n (%-logg (#))

d(g/\o'min(v)) 2/\O'rnin(‘/)

Proof. By the definition of operator norm, we have

[v=12238],, = swp [VTH2Z]8a],
{ellel,=1)

= sup \/xTSTZTV*lZ}Sx
{zllz]=1}

= sup |Z5.Sxz|.._,.
{x|x|2=1}” el
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Considering a fixed w € R?, by Lemma 19.2, we have with probability at least 1 -4,

2T ]2 2 4
: Z “. 29 0=
R ﬂd {1+ ) ”m(é o (mmmm))'

By Lemma 19.3 and a union bound, for the e-covering C., we have the following event

C . o 4
.10g2 (2A0min(v)))

We abbreviate 10g(Zr,0) = v2y [dln (1+ 75220 + 21n(2|c5 log3 (m)) When &

happens with probability no more than ¢:

E:=13xel,,

2712 2
.
ZTval\/_an\‘ dln( d(2/\amm(V)))+21n(

does not happen, we have

[vezs], = s |7,
{l|==1}

= sup min HZTS(x y+y)H
{zlle]=1} {vlveCe}

> ZTS _ ) ZTS B
< sw i (275G =)l 2750l )

< IaREVAR +o,log(Zr, 6
. IV S =l o)

< 6HV—1/2Z}SHOp + a,log(Zr, 9).

Thus,

[v=12235],, < 1= Toe(Zr. ).

By choosing ¢ = % and Lemma 19.3, we have

2T L2 2:6¢ 4
-1/277 1 +161 1 5 I
HV TSHop < an\l 8d n( d(2/\0mm(V))) 6 n( 5o (2A0min(v)))
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Lemma 19.2. [Self-Normalized Bound for Vector-Valued Martingales] Suppose we have
21y, 2 € R? and My.ooy My € R? such that e | 21, My ey 2o, ety 2 08 U%—sub—Gaussian
vector (defined in Assumption 1). Let Z,S € R™? be matrices whose s-th row is z] and n]
respectively.

Suppose |zs| < L,,Vs. Let V, = Z7Z. Then, VbeR! § € (0,1), we have, with probability at
least 1 -0,

Vi1,

Z7Sb||., ., < V2[bl,oy | dIn| 1+ 2L +21n 2-1og2 4
vt e 27 d(2 A omin(V})) 6 P\2rn0mn(V) )]

Proof. Since each row of S'is a 02-subGaussian vector, we have that (Sb);/|b] is o2-subGaussian.

Using Lemma 19.4 with e, = (S0);/|b|| completes the proof. O

Lemma 19.3. (Lattimore and Szepesvdri, 2020)[Lemma 20.1] There exists a set C. c¢ RY
with |C.| < (g)d such that for any x € {z |z eRY, |z|, =1}, there exists a y € C. such that

|z -y, <e.

Lemma 19.4. Let 21, 2,... € {ze R?: |z|s < L.} and €1, ¢, ... € R be random variables such

that ey | 21,61, ..., Z-1,€1-1, % is 02-sub-Gaussian. Let V; = Y\, z,2I. Then,

1-6<P|vt>1,

t
Z Zs€g
s=1

2t L2 2 4
<V2 In{1 = 2In| = log? | —————
1_\/_0'5 dn( +d(2/\0-mm(‘/t)))+ n(6 0g2(2/\0'm1n(‘/t)))

Vo

Proof. Let Z; € R be the design matrix and define ¢, := (g1,...,¢,)7 € R". Let us omit the
subscript t from Z;, ¢; and V;. Note that

127y =127l svasvyr <127l svatommein S VAL el Wagpurn

It remains to bound |Z7e|y ., . yp-1- We use union bound with the standard self-

normalized inequality of Lattimore and Szepesvéri (2020)[Theorem 20.4 and Note 20.2].
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Specifically, let Ay = 2751 for k> 1. Then,

2 2 2
1-0<P|E:= {Vk eNy, Vi1, HZT5H(V+>\,C1)—1 < Og\l dln(l + %) +2ln((7r/T6)k)}

k

Under the event £, we have two cases:

o onin(V) > 1: choose k =1. Then,

1Z7¢]| (V4omm (V)1 S HZT<‘5H(V+1)—1

< UE\I dln(1 ; %) +21n((7r26/6))

e ouin(V) < 1: choose k = [logy(20min(V)™1)] > 2, which is the k that satisfies A <
O'min(V) < /\k—l- Then,

[ ZT5||(V+UI,H,,(V)1)—1 <[Z7€]| (V+rRI)™1

2 2 2
< ag\ dln(l + %) +21n(%)
k

t12 (m2/6)[10gs (200 (V) )12
o1+ ) <2 5 )

(Mg = %)\k—l > %amin(V); def'n of k)

Altogether, we have

127l (v somnvyry-s € JEJ dln (1 LAY 2;%%(‘/))) 2l ( (7/6)(1 v ﬂog;@a;%n(vnm) |

We conclude the proof by simplifying the RHS. O

3.7.9 Proof of Theorem 16

Theorem 16. Algorithm 4 is §-PAC for the CPET-LB problem and terminates in at most
c(1+w)L,p*log(1/0) + er(w) samples, where ¢ hides logarithmic factors of A and |W].
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Proof. Part 1 6-PAC

By the confidence interval in Lemma 14.2, we have, with probability at least 1 - %QL‘W',

V 2
‘@r*‘de ~6w- w*> sl |(rT(ziV_’i 21, 7] )F)l\l i log(4k 5|W|)

VI+w|w=w* s -t 4k2
< [ |t 2o 202 log( ;W|)

Vv Nk
\% 1+ WHUJ —w* H(l"T)\Zzle"fl 4k2|W|
< 202 log 5

\/[2(1 +w)C2p(Wi) L 1@@)} vir(w)
<G

Define a good event &y, for each k and W, as

~—

gk,w = {‘(agracle -0, w—-w"

SCk}

We claim that with probability at least 1 -4, the event N2, Nyew, Ek,w holds. It can be

proved by a union bound.

P (ﬁ N gw,k) <> Y B(eg)

k=1 weWy k=1 weWy,
o 5
<
& 20 W]
51
<= _
PN
<0, (3.15)

where the last step is by the fact that > ;2 k% = %2 < 2. Under the event N;2; Nwew, Ew ks tO

show that the best arm is never eliminated, it suffices to show that for any sub-optimal arm
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w € Wk,

» Yoracle oracle

(w—w*@\k >=<w—w*,@7c —6>+(w—w*,9)

Thus the best arm w* never satisfies the elimination condition. Next we show that at the

end of stage k, any suboptimal arm w that satisfies
(0, w —w) >2¢
is eliminated. To show this, we need to show that w satisfies the elimination condition,

nk !/ Nk *
max <eoracle7 w = w) 2<gorac1e7 w = w>

w’EWk
:<’9\§racle 07w* - w) + (9? w* - ’LU)
> = (g + 2Ck
=Ck-

This implies that with probability at least 1 -9, w* always survives.
Part 2 sample complexity
Define Sy, = {weW |(w* —w,0) <4¢;}. Thus with probability at least 1 -8, we have
Ni {Wi € Si}. This implies the following is true with probability at least 1 -4 for all k
_ : a2
P(We) = )\ergl(%)w,rg’%f/(\/k [ —w ||(ZzeZ ITA.227T) 7!

: 2
< min max |w-w' _
T XeA(Z2) wow'eSy, H H(zzez [TA.zzTT) 7!

= p(Sk).

Define A to be the minimum gap between w* and any other w € W, i.e., A := min, e (w1 (w* — w, 0).

Then for k > [log(4A‘1)], we have Sy, = {w*} with probability at least 1-0. The total sample



145

complexity is the summation of the number of samples in each round,

4k2\W
= 4(1 +w)§,;2p(Wk)Lylog( §| |)] vr(w))
k=1
[log(4a71)]
4k?
< 8(1+w)22kp(Wk)L,,log( ;W|) vr(w))
k=1
’rlog(4A_1)]
4k?
< 8(1+w)2%*p(S) L, log( ;W|) v r(w)). (3.16)
k=1
On the other hand, we have
Hw*_wHQ TA,22TT)-1
= min  max (Zgez T72-227T)
AeA(Z) weW {w*} (w* —w, H)?
|w* = wl?s sy
= min maxmax (2isez 1" A-22T)
XeA(Z) k weS) (w* —w, 0)?
log(4A™! *
. ]  fres(aa™] e - O F—
>—————— min Z max - .
[log(4A*1)] XeA(2)  pm weSk (w* —w,0)
1 ’rlog(4A_1)}
> 228 min max |w* ~w|s pey ey
16[10g(4A—1)] prt AeA(Z) weSy sez TTAz22
1 [log(4A’1)-‘
> 2%F min max ||w-w'|? Tt
64[10g(4A_1)] k=1 )\EA(Z) w,w’eSy, ” H(ZZEZF Az2z F)
1 [log(4A‘1)1
> 2%p(S), (3.17)

“6flog(aa )] &

where the last inequality is by the triangle inequality, i.e.,

2
w{g?&éJW - w’”(zzéz IA.z2TT)-1 S wnllu?fék(“w —w” H(zzéz ["Az2'0)-1 Jw* - w’”(zzez FU\ZzzTF)*l)

2
sdmax|w - w*|(s, , rra.zery-
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Combining (3.16) and (3.17), we have

[log(4a71)] (log(4A‘1)2|W|

> Np<ce(l+w)L,log(4A7)log 5 )P* +log(4A7)r(w).
k=1

3.7.10 Proofs of sample complexity when given T

Algorithm 8: Confounded pure exploration with known T’

Input: Z,W,T,6,¢,L, > oz, Ly, >0}

Initialize: k = 1,W, = W, calculate ~ using (3.18);
Define: f(w,w',I'A) = |w=w'|fs 1oy oy

while Jw,w’ € Wy, s.t., (w’ - w,@jmcle> >4y or (> do
Ak = arg miny A (zy MaXy, wrew, f(w,w', T, \);

p(Wy) = minyea(z) max, wow, f(w,w',T,\);

G =27,

Ny = [2(1 rw)(G2 4 & )oOW) L. 1@@)] vr(w);
Zx, = ROUND(\y, N});

Pull arms in Zy, and observe Yy, ;

Compute O o o = (Z]Tvk ZNkf)ilZ]TkaNk;

Wi = Wi\ {w €Wy | Fw' € Wy, s.t., (w’ - wv@—2SLS> >k + ’Y}?

k< k+1;
Output: Any we W,

Theorem 20. Suppose that we have T that is an OLS estimate from an offline dataset
{Zr, X7} collected non-adaptively through a fized design & and the efficient rounding pro-
cedure ROUND,as well as T > %@(ZT,(;/Q). Algorithm 8 guarantees that with
probability at least 1 -0, a 6y-good arm is returned, where

vi= max w5z, 2y 1017/ Lolog(Z1.0). (3.18)

w,w'ew
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Also, the algorithm terminates in at most

a2log(Zr,08) p(€,7)
Umin(A(§7F)) T

c(1+w)L,log(1/8)p* () + c(1+w)*L, log(1/6) ver(w)

samples, where ¢ hides logarithmic factors of A and [W| and ~.

fo* —wl s
Rl )

Ay) =

p(A, ) wevn\}fi{}fu*} (w* = w,0)2 v A2

and

*( ) . Hw* - w||124(>\7r),1
= min max .
P AeA(Z) weWN{w*} (w* —w,@)z V”)/2

Proof. The proof can be divided into four steps:

e The best arm w* is never eliminated.

At the end of stage k, any suboptimal arm w that satisfies (0, w* —w) > 2¢; + 27 is

eliminated.

The stopping condition is met in finite time.

When the stopping condition is met, there are only 6v-good arms left.

The upper bound of the sample complexity.

Step 1: The best arm w* is never eliminated.
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By the confidence interval in Theorem 15, we have, with probability at least 1 - %QLW, for

any k and w e W,

. Ak2W

V1+w|w=w 4,5 AR2|W)|
< 202logl ——— |+~
VN, 5

V1+wlw=w*| 4, 7y \j 5 210g(4k2|w|)+7
2 o7
V]2 ogzom L tos(£22)| v

‘<97;-25Ls -0, w- w*>

<SGt

Define a good event &, for each k and w € W, as

Erw = {‘</97;—2SLS 0w _w*) < Gk +’Y}-

By the same calculation as (3.15), we claim that with probability at least 1 -6, the event
Niz1 Nwew, Ek,w holds. Under the event M2, Nywew, Ew,k, to show that the best arm is never

eliminated, it suffices to show that for any sub-optimal arm w € W,

(w - w*797;—2SLS> = (w - W*uéE—QSLs - 9) +{w - w*, 0)

<Cr+7-

Thus the best arm w* never satisfies the elimination condition.
Step 2: At the end of stage k, any suboptimal arm w that satisfies (0, w* — w) >

2(k, + 27 is eliminated.
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To prove this, we show that such arm w must satisfy the elimination condition,

ﬁ%(@asma w' - w) 2(%—2&5, w* - w>
:<§§—QSLS -0, w* - w> +(0,w" —w)
> = (=7 +2G +2y

=Gk +7-

Thus the arm w is eliminated.

Step 3: The stopping condition is met in finite time.

Given the result in Step 2 and the fact that (; is an exponentially decreasing sequence,
we know that all of the arms w satisfying (0, w* — w) > 27y will be eliminated in finite time.
This means that only the arms w satisfying (6, w* — w) < 2y will remain. We need to show
that Yw,w’ € W, (w’ - w,@%_2SLS> < 4~ can be achieved in finite time. When (; <, (which

will happen in finite time),

! *

:<w* —w, 0 e s - 8) +{(w* —w,0) + (w’ —w*, 0 e s - 9) +(w' —w*, 0)

Gty +27+ G+

=4.

Step 4: When the stopping condition is met, there are only 6v-good arms left.

For any w € Wy, we have

(w* —w,0) :<w* -w,0 - 51;—28LS> + <u’* - w»@—zsm)
<+ +4y

=67.
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Step 5: The upper bound of the sample complexity.

Define W(27) as the set of 2y-good arms, i.e., W(27) = {w e W | (§,w* —w) < 2y}. Then
the best arm in the set W\W(27) has a suboptimality gap min,ammw(zy) (6, w* —w). We
define Ay (27) = mingammw(zy) (0, w* —w) - 2. By the result in Step 2, we know that after
k* = [log(élAmin(Q’y)_l)] stages, all of the arms in W\W(2v) are eliminated. Define Sy =
{weW | (w*-w,0) <4¢ +2v}. Thus with probability at least 1 -3, we have N, {W;, € Si}.

The sample complexity of the algorithm is the total number of samples pulled, which is

[2(1 +w)(g,;2 A %)p(Wk)L,, 1og(4k25|W|)] v r(w))

k 2
<3(ss w)(22k A %)p(Wk)Ll, log(4k 5’W|) v r(w))

(504 w)(22k A %)p(Sk)LV 10g(4k2(lw|) v r(w)). (3.19)

Note that the factor of minyea(zy maxy wes, |w —w’| has the underlying true I" in it,

2
AAD) !
while the algorithm uses the plugged-in T'. We need to relate it to p(S;) := min,, A(Z) MAXy e, |W-

2

Wy

By Lemma 21.7, and defining A% (Sk) as the optimal design for Sk, i.e.,

. . a2
Ao argmin g o=l



Define A, = 3} + &, we have

/
wfg?g}, Jw—w HA()\k r)-!

=i g, Jo = L

< . o _
<y gl lon

2

< min  max 3Hw—w’H124()\’F)_1 +2 max H(F‘T—f_T)(w—w')

AeA(Z) w,w'eSy, w,w'eSy, AL

— 12 T _AiT - '
< g 3l =Ty o2 g |7 T
1602log(Zr,6/2) 1

w—w' =
(A€, T)) wwes x w = ry 7

!/
< nax 6w —w “A(/\,*C,F)—l +

where the last inequality is due to

Jw-w ”A(,\' 1 Sfw- w’H (3 ter)”
-y o

=2]w - w’“A(A;;,r)—l,
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(3.20)

as well as, by Lemma 21.9, when 7" > %log(ZT,é/Q), we have, with probability at

least 1—6/2, we have

max

w,w’'eSy,

- 2
T T _ /
(T7"-T"")(w-w") AQLD

4a2log(ZT, 5/2 ” > 1
w—-w -1

403710g(ZT76/2) e P 1
" (AN + (1 )&, T)) wavres  AGD?T
80’727@(27175/2) 1

< w— 1w
O-min(A(f,F)) wweS ” ||A(§ )~ 1T



We can lower bound p*(v) by

p*(7) = min  max e _7“0H12“()\,F)*1
AeA(Z) weWN{w*} (w* —-w, 9)2 \% ’)/2

. Hw* - MHZA(AI)A
= min max max
XeA(2) ko weSpn{w*y (w* —w, 0)? v 2

1 K Jw* =w| -
>— min Z max AGD
k* xeA(2) f= weSi{w*} (w* —w, 0)2 v 4?2

1 K 1
> 22k il : * 2 ~
> Tk Z( 4 72)&&)%5;?@} W=l
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o
2641]{;* ;(zzk A %) i s o= [ o (3.21)
Given (3.19), (3.20) and (3.21), we have
i Ny, < e(1+w) Ly log(1/8)p* (7) + (1 + w)? L, log(1/6) 73108(Z1,9) p(§,7) | cr(w),
i=1 auin(AET)) T
where ¢ hides logarithmic factors of A and [W| and ~. ]
3.7.11 Proofs of sample complexity with unknown I"
Algorithm 9: Optimal design with unknown I"
Input: Z,W,6,L, >0}, Ly > 02,0, Ymin < Amin(I'), A, Ko
Initialize: k=1, W, =W, Ty =1, =1
Define: f(w,w’,T;\):=|w- w’H%zzez ey M= Vgﬂinami?a(/\];’])) V1, Okpi= 05

while [W;| > 1 do

—_

O g5 = 0 - estimator(Wk,é, Ck,szaw,Ly,k) // Step 2: update 0
Wis1 = Wi\ {w e Wy | Jw' € Wy, s.t., (w’ - w,@};_ms) > Ck} // Step 3:

elimination

k?<—k+1, Ck:2_k

Output: The single remaining element in W

f‘k:F—estimator(Wk,fk,l,Ck,é,k,w,)\E,M,Ln) // Step 1: update T

—
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The algorithms of I'—estimator and #—estimator we present below are slightly different
from the one in the main text. In the main text, we omit the phase index k in the algorithm
for simplicity.

Algorithm 10: ' - estimator

Input: Wk,fk_l,Ck,(S,k,w,)\E,M, L,
Define: Stop(W. Z.T',6) = maxuwran|w - 0/ 5y 01,7/ L,08(2.)
Initialize: ¢ =1, Ny =0 // doubling trick initialization
if k=1 then
while (=1 or Stop(Wi, Zios, T, 0¢) > 1 do
Get 2f‘1(r(w) % %0) samples denoted as {Zk’()’g,Xk’o,g, Yk70,g} per design \g

// via ROUND
Update Ty by OLS on {Zy. 00, Xios}, £ < £+1

else

g = arg minjyea (zy Maxy, wew, f(w, w', Ty, A)

N’ = [4ng In (1+2M (d+ L2) + 2M2gdM) + 8M In (22 ) v r(w)J

while /=1 or Stop(Wk, Zy04 U Zk717g,fk, 5k7g> > (; do

Niie=2'N"// doubling trick update

Get Ny 10 samples per :\k denoted as {Zk71’g,Xk71’g,Y;€717g} // via ROUND
Nioe = [diM In (M (d+ Niye+ 12)) +4MIn (25) v r(w) v l]

Get (Nko0 — Nioe-1) samples per A\g augmented to {Zk7073_1,Xk70,g_1} and get

{Zko.0: X0}
Update fk by 0OLS on {Z]@O’g U Zk,l,K,Xk,O,Z U X]ﬁl’g}, 0<—0+1

Output: T},
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Algorithm 11: 6 — estimator
Input: Wi, 0, Tr,w, Ly, k

A = arg Minjyea(zy MaXey, wew, J (W, w’,fk, A)

p(W) = minyea(z) max, wew, f(w,w’, T, \)

Ny = [2(1 +W0)C2p(Wi) Ly 1@%)] vr(w)

Get Nj 2 samples per design /):k denoted as {Zk72,Xk’2,Yk72} // via ROUND
Update 0 ys15 = (T1.Z] , Zi2Tk) ' T1Z] Yo

Output: 6% .

Lemma 20.1. Algorithm 6 and Ny 1, Nkoe guarantees three properties:
o Property 1: Ni14> Nk oy

o Property 2: +(Nyos+ Niie) < Nioeo1 + Niet.

Ni1,1

e Property 3: 5
N, L
8dln(1+ k11 Z)+161n(2‘6j’“2)

< M1In(dM).

d

Proof. For Property 1, recall that Ny o, and Ny 1, are defined as

2.64
Nige = [2ng In (M(d + Njpg+ Lg)) +4M1n (5_6) v r(w)]
k,l

and

2.64
Nite= 2@[4ng In (1+2M(d + L2) + 2M2gdM ) + 8M In (5_6) v r(w)J.
k1

We prove the result by induction. For the result for ¢ = 1, note that Nj;; is of the form
Nii11=2a+2bIn(1+2c+2bd) and Ny, is of the form Ny o1 =a+bln(c+dr), where

_ 2.6¢
° a—4Mln(m)
o h=2gdM
o c=M(d+L?)

o d=M
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o r=Ngiy.

By the contraposition of Lemma 23.2, we have

r>2a+2bIn(l+2c+2bd) = r>a+0bln(c+dr).

Thus we have Ny 11 > Nio1. Now we assume the result holds for ¢, i.e., Ni 14 > Ny, and

prove that it holds for £+ 1. We have

Niiee1 = 2Nk 1,02 2Ny 00

It suffices to prove that

2Nio.0 2 Nioger-

We have
2N 0.0
:2[29dM1n(M(d+ Niio+ L)) + 4M1n( : ) v T(w)]
k0
9 6d 2
ZQQdMln(MQ(cH Nyio+ +8 ( )vr(w)

L)) +sm
>2gdM In (M?(d + Ny ¢ + L2 2)+8M( ( )+21n(£))w(w)
)

ZdiMlH(MQ(d+Nk71,g+L 2 +4M( ( )+21n(€+ 1))vr(w)
(2Inl>1In(£+1) for £ >2)

2.64(¢+ 1
>2gdM In (M(d + 2Ny 1 ¢ + L2)) +4M In (%) vr(w)
k,1

:Nk,o,hl'
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For Property 2, it suffices to prove that
1
§Nk,0,€ < Nio-1-
This is equivalent to prove that
1
5(@ +bln(c+ 2d7")) <a+bln(c+dr).
We have

%(a+ bln(c+ 2dr)) <a+bln(c+dr)
— %bln(c-l— 2dr) < %a +bln(c+dr)
— bIn(Ve+2dr) < %a +bln(c +dr)
— Ve+2dr <c+dr

<> c+2dr <+ 2cdr + d*r?

< dr(dr+2c-2)+c*-c>0.

The last inequality holds because ¢ = M > 1.
For Property 3, we have,

AdM In (1+2M(d+ L2) +2MdM) +8M1n(%)
8dn (1+ M5122) 1 1610 (26047

AdM In (1+2M(d+ L2) + 2)1dM) SM In (25)
< 8dln(1 + NI“TIL%) + 161n(%) + 8dln(1 + Nlele) + 161n(2'6§k2)

Mn(1+2M(d+L2)+2MdM) M oosels apply Nors > 1)
< —_—
- 2In (1+ ML?) ) (loosely apply Ni.1.12

<M In(dM).
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Theorem 21. Algorithm 6 guarantees that with probability at least 1 — 0, the best arm is

returned, and the algorithm terminates in at most

(1+0)( (Lo log(1/6) + L, 813(d +108(1/5)) )" + (a+1os(1/6)) (L, 101300 + 1))

pulls, ignoring both of the additive and multiplicative logarithms of AW, p*, po, M, where

= min  max - w”%zzsz ATT22TT)-1
AeA(Z) weWn{w*} (wx— —w, 0)2 5
and
Po= vk ”w* _wH%Z Ap IT22TT)-1)
weW{w*} 2ez AE,21T227T)
and
321,

M = v 1.
YVainOmin(A(AE, 1))

Note that py does not get hurt by (w* —w,8). It comes from the fact that in the first phase,

we initialize that algorithm with E-optimal design.

Proof. Part 1: correctness of the algorithm
The idea of the proof is similar to the proof of Theorem 16.

Recall that the confidence interval of P-2SLS can be break down into two terms (3.12).

-1
(ap—zsm -0, w> = %((Ti Z]tZ}tf) 21, w>yq + <<f‘1 - F‘I)PQ, w>.

q:l t=

Given T, for a w € W, with probability at least 1 — % the first term satisfies

-1

Ts T P ) 4
> 2z U] 2z, w )y, < HwHA(ZT2f)_1 202 log 5]
t=1

q=1



158

For any w € W, with probability at least 1 — g, the second term satisfies

(B2 =T)00,0) < iz, 101/ T08(Z1s.6/4).

Note that by Lemma 19.1, the above inequality holds for all w € W, and the RHS is essentially

a result of

V022551, <\ oilon(Zr.014).

In the vanilla form of the confidence of P-2SLS, we can define good events as
e for the first term, for any w e W,

Ty

Ty . !
Z( 2zl Z]q,'l,U)Vq < ||w|\A(ZT2f),1\/2crg log(16Kk2)W|/6).
i=1

q=1

e for the second term, HV‘I/zZ}SHOp < \/O%@(ZT, (5/4).

For our algorithm design, since we use the doubling trick for the first sub-phase, we need
to define the good event for the first sub-phase as the samples from each doubling trick
iteration satisfies the self-normalized concentration inequality of Lemma 19.1.

We define the good event for /-th doubling trick iteration in the first sub-phase of phase

k as

“1/2 2 — 0
Sl%,@ = {HV]M/ Z]IveSk’ZHOp < 0'%10g(2k,ﬁa 4]{;2(£+ 1)2)} )

where Zy = Zyo00 Y Zia14, Vs = Z,;KZM and Sy, is stacked noise matrix during collecting

samples Zj, per the model X = ZI'+ S. By a union bound, we have

(6e)) -5

k=1¢

M3

P(E,ijg) <§/2.

Il
—_
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For the second sub-phase in phase k, we define the good event for the second sub-phase in

phase k and w € W as

q=1 t=1

Ni2 | N2 . -1
E,iw = Z <( Z z]tz}tF) zlq,w>yq < HwHA(zk’Q,’f)—l\/Qag 10g(16k:2|W|/5)
By a union bound, we have
PN N &) <2 ¥ P(e) <o
k=1 weW), k=1 weW ’

Under the good event (ﬂ,ff’:l Ny 8;%) ﬂ(ﬂ,‘:"zl Nwew, Elfyw), we have with probability at least
1-0, for all £k and weW,

< C-

‘(%—QSLS -0, w- UJ*>

The rest of proof is same as the proof of Theorem 16.

Part 2: sample complexity of algorithm

Sample complexity for first sub-phase

Recall that A\g = arg maxyea(z) Omin(2.cz A-227) is the E-optimal design to maximize the
minimum singular value of ¥,z A.zz7 and kg = maxy omin(Y,ez A,227) is the maximum
minimum singular value of ¥,z A\.z27. At the beginning of first sub-phase in phase k, the
algorithm first samples Ny oo arms according to Ag.

Before we proceed to the main proof of the sample complexity, we first address a minor
technique issue to avoid cumbersomeness. For the logarithmic term that appears in the

algorithm and confidence interval,

o 2T L2 2.6 4
log(Z :=8dIn|1 - 161n [ = log;
oelar 0= ( +d<2Aamm<z;zT>>)+ 6“( 5 °g2(2wmm<Z%ZT>))’
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when 2 A o, (V') = 2, it is equivalent to

— 2 Rd
[og(T, 8) := 8dln(1 N TC%) " 161n(%) .

Our algorithm design guarantees that 2 A 0, (V') = 2 is always true whenever we need to
use the logarithmic term log(Z7,d), given that the samples of our interest always includes
the E-optimal design samples Zj ¢, and the number of samples from the E-optimal design
‘Zk707g| is always larger than % So for the remaining part of the proof, we will use f()E;(N ,0)
instead of log(Zr,9).

Denote the samples of E-optimal design that mixed into the samples from /-th doubling
trick iteration in the first sub-phase of phase k as Zj o and |Zk70,g| = Ny oe. By Lemma 21.1,

our choice of Ny,

64gdo? 32g0?2
Nk,O,@ > J 1 ) hl( J 1
Omin

128¢g02 2-64
d+ Ny ,L?+ L? 7 1
O-mln(A(AEaF) (A()\E,F))( + k1,4 z+ z))+ ) n( )7

O-min(A(AEaF) 5
is a sufficient condition to guarantee

49072;10/%(]\[19,0,6 + Nig1,0 Or)
CJ'min(fl(/\E7 F))

vr(w). (3.22)

Nioe >

Multiply both sides of (3.22) by W and we have

490210’% Nk,O,K‘*‘Nk,Lg,(Sk’g Nioe+ Nits
Neoe+ Nie 2( o ) vir(w) | R R

Omin(A(Ag,T))
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By Property 1 of Lemma 20.1, we have oy := _Neoe 1/2, then

" Nipo,e+Np1e

Nioe+ Npie>

4g02log(Nyos + Ni12,0
1 ( goy, g( k,0,¢ k1,0 k,e) vr(w))
Qg p

amin(A()\E, F))

~ 4907%13@(]\%0,@ + Ni10, Ok y r(w)
Umin(A(ak,g/\E, F)) Qg p
490727@(Nk,0,e + N1, O

B Umin(A(ak,é)\E + (1= ape) M, F))

vr(w). (3.23)

These condition on Ny, and Ny ¢+ Nj 1, are needed for the proof.

Denote the total number of doubling trick iterations as Lj; for phase k. In the case of
L, =1, the samples from the first doubling trick iteration satisfies stopping condition of the
first sub-phase already, and the algorithm will not enter the second doubling trick iteration.

Thus the total number of samples for the first sub-phase is

Nio1+ Np1g 2N 11 (Property 1 of Lemma 20.1)
2 2'6d
<8gdM In (1+2M(d + L2) + 2M2gdM ) + 16M In | vr).
k1

In the case of Ly > 1, for £ € {1,---, Ly}, denote T* as the estimate of T at the end of the -th

doubling trick iteration. With these notations, we have

e At the end of Li-th doubling trick iteration, the stopping condition is satisfied, i.e.,

2 2 "l
i |lw ~ w,HA(Zk,O,LkUZk,l,Lk,ka)_l ”9Hanlog(Nk,o,L,c + Nijangs 5k,Lk) <G (3.24)

We short Tog( Ny + N1, k) = logy, .-
e At the end of (Lj;—1)-th doubling trick iteration, the stopping condition is not satisfied,

ie.,

2 2,
Jnax Jw - w,”A(Zk,O,Lk—IUZk,l,Lk—l7ka_1)_1 1015 Lylog, 1, 1 > Ci- (3.25)
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Denote ¢y, as the empirical distribution of Zy o 1, UZk1,1,. Then above two conditions imply

that the number of samples for Li-th and (Lj — 1)-th doubling trick iterations respectively
satisfy

|615Lylogy. 2
Nior, + Niipn, 2 # wrful/%l}/cvk ||w - w,”A(ngka)’l' (326)
k ’

and

10150108 1,1 2
Nk,O,Lk—l + Nk,I,Lk—l < ]3 w’IB/%)/{VkH’LU - w’||A(£Lk717ka71)71. (327)

Note that by Property 2 of Lemma 20.1,

1

5 (Niozw + Nistzy) < Nio -1 + Ni1,2,-1-

Thus
28l5Lylogs 1,1 2
Nk,O,Lk + NkJ’Lk < C}g k w7w/%]}/\(}k ||U) - w,|‘A(£Lk—17FLk71)71 . (328)
For any ¢ € {1,..., L}, by Lemma 21.5, the factor of max ,ew, ||w—w’||i(&f2),1 can be
upper bounded by
2
B L F U
a2 TON-T _ (T Lr-1\-T _12
<3 ma Jw—w'[ oy +2 mas (T 7= (@)D w-w)|
a2 -T _ (T¥\-T R, 2
<3 ma Jw—w' [ oy +2 mas [T @) D(w-w)|
2

+2 max H(F;r—(thﬂ)qd(uJ—u/)

w,w'eWy,

. 3.29
(ZZ {ZZZT)_I ( )

We will upper bound the three terms in the RHS of (3.29) separately.
For the first term, by Lemma 21.4,

max |w—w'|%, 7y <4 max |w—w'|% ;. oo
w,w’'eWy A(ge,IME-1)71 = w,w'eWy, A T R=1) 7

(3.30)
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where \; is the optimal design for W in the first sub-phase of phase k-1 (based on the last
doubling trick iteration), i.e.,

- ' )
Ay =arg min @ max |w-u' Sy iy
g NA(Z) wi eV | ”A(A,F k-1)

Then for any A,

72
S Jlw = w5, praan)s

— 2
< _ a2 H =T _ (TLp-1)-T e, )
<3 wyrlrul,%%k\]w w4y + ZwTB%%k (= (™) ") (w-w") A (Lemma 21.5)
b1 2 _ -~ — 2
< o R H T _ Lp_1\-T oy
<3 max Jw-wyey ry- +2 max [[(T77 = (T1) ™) (w - ') (5. )
bo 2 _ = — 2
< _ o/ N H T _ Li_1\-T o ) .
26 i 10w+ 2, mie [0 = E) D= (3.31)

where for (b1), we plug in A} = a;Ag+ (1-a})A;, with o <1/2 will be defined later and A;
is the optimal design for Wy given T, i.e.,

Af=arg min  max |w-w'|% pro-
k AeA(Z) w,w'eWy, AL

(b2) is due to the fact that of < 1/2. For the second term in the RHS of (3.31), given the
condition (3.23), i.e.,

49Ln10gk—1,1:k,1
Nk-1,0,L + Nk-11,0,, 2

O'min(A(éLk,1 ) F))
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by Lemma 21.9 we have,

| = @k

(2 A227)
2Lylogy_q 1, . 1

s w—w'| _
O'min(A(A' F)) Ni_1 0L, T Nk—l,l,Lk_l H HA(ELk_I,F) !
1 2L lng 1,Lg-1 Nkfl,O,Lk,l 2
s w-w e, s
Nk 1,0,Ly_1 O'mm(A(A F)) Nk*l»oaLkﬂ*qu Liy Lg-1>
1 2L logk 1,Lg-1 Ny 1,0,L5_1

< w—w' -
Nk: 1,0,L51 O'mm(A(Ozk)\E,F)) Ne-1,0,Li 14Nk 111, H ||A(£Lk—1’F) !

1 2L logk | Ly

—_ ! 2 * =
Nk 0L O'mm(A()\E,F)) Hw w HA(Skal,F)fl (Set Qy O‘k—l)
by 1 ,
<4—Hw w HA(ng D)
by 6
<—H'LU w,HA(é-L FLk—l ),1. (3.32)

where for (b1), we use the condition (3.22) on Ny_10,z, ,, and (b) is due to Lemma 21.3.

Plug (3.32) into (3.31), we have

max |w-w'|%; & <6 max |w-u'|’ +§ max |w - w'|? =
w,w'eWy, AR TRt = w,w'eWy, AQLD g ww'eWy A(éLk—l’]‘_‘ka1 )t

(3.33)

Plug (3.33) into (3.30), we have the first term in the RHS of (3.29) can be upper bounded
by

712
w%’%{)}vk Hw -—w HA(&kafl )1

2
72 2
<24 LA Jw = w4 ey + rl W [w—w ”A(SL,C,lka-l)*l

12 ;
<24 m%% |w - ’||,24(,\,*mp)—1 t—— %:1
w,w’ g H9H2Lﬂlogk—1,Lk—1

(Ni-1o.py + Nictz,,)s (3.34)

where for the last inequality we use the fact that the stopping condition is satisfied at the

end of (Lg_1)-th doubling trick iteration for phase k -1 per (3.26).
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For the second term in the RHS of (3.29), by Lemma 21.8, when the condition (3.23)

is satisfied, i.e., when

49[/7710}1@,@
O—min(A(gﬁa F)) ’

Nioe+Npige>

we have
2
N Ve A 2
W, (77 = ()7 (w =) (2. €ozzT) _gw%'%ickaw W laggry-
6 2
i L PICRORS (3.35)

where the last inequality is due to Lemma 21.3.

For the third term in the RHS of (3.29), by Lemma 21.9, when the condition (3.23)
satisfied, i.e., when

49L7]logk—1,Lk,1
Nk_1707Lk—1 + Nk_1717Lk)—l =

Umin(A(ka_1 ) F))

we have

—~ 2
-T _ Lszl -T _ /
w,rg'%icka(F () 7) (w =) (2. &zzT) !

2LnH%k—1,Lk,l 1

< max |w - w'|? _
O-min(A(gfa F)) Nk_lvo:Lk—l + Nk—l,LLkﬂ ww' Wy H ||A(§Lk717r) '

QLnIng—LLk,l

1 2
S max ||w—w Lo 1\—
O-min(A(a@)\Ea F)) Nk—l,O,kal + Nk—l,l,Lk,l w,w’eWkH ”A(ka,l,FLk 1)-1

@Nk,o,z + Niag 1 21()Aék—1,Lk_1 (Ney N ) )

T Neoe Nevores t Nectnn omin(AQAE 1)) O T L LR 16]5l0g,1 1,
<Nk,o,1z + Nie 2 G,

~ Nioy

Guin(AAg. 1)) |02
b<2Nk,(),e + Nk;,l,f C]?-l

- 49L7710Aék,€ H9||§

(3.36)

18
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where (by) is due to (3.26), (b2) is due to (3.22). Plug (3.34), (3.35) and (3.36) into (3.29),

we have

2
w%,i%k Jw-w HA(@,FZ)-l

36 Ck 1
g ||9H2L 10gk 1,Ly_1
2 Nyos1 + Niper1 Gy

+ 2 max Jw-—w'|%, ae = == :
g w7w,EWk” HA(&[,FZ) ! Lnlogk,é ||9||;

2
<72 max, |w=w'[yop 0+ (Ni-1,0,141 + Ni-1,0,2, 1)

(3.37)

With ¢ = L -1 and the fact that g > 24 whose exact value will be set later, we can rearrange

(3.37) as

2
w,rlrulf%f/(vk HU) B 'LU, H A(ng—l ka_l)_l

72 Gt
———k
9 ”‘9”2Lnlogk—1,Lk_l

<144 max |w - ,”?4()\;;,1“)‘1 *

(Ne-10.000 + Ne-1,1,0,,)
w,w’eWy,

1Nk0Lk+Nk1Lk Gy
g L IngLk 1 ||9||2

(3.38)

Note that the LHS of above can be lower bounded by (3.28),

G
5
20| 2Lﬂ10gk,Lk—1

2
(Nk,O,Lk + Nk,l,Lk) < w,Izlul%’f/\(/k Hw - w/HA(ka—lka_l)_l' (339)

Rearrange the terms in (3.39) and (3.38) and setting g to be larger enough and using the
fact that ¢ = (x-1/2, we have

57 2, 2 72 logy 1, 4
Nio,zy, + Nitn, <=5 [0]5Lylogy 1, 1 oA lw - w/”A(/\ -1t — = (Ni-1.0.0, + Ne11,25,)-

h ’ k 9 logy 11, ,

Note that by definition loAék,Lk_l < lfngk’Lk, thus

—~ 72 log;
Nior, + Niip, < C ||9||§Ln10gk,Lk wfg,ée% |w ~ wI“i(,\;;,r)fl + _~—7k(Nk—1707Lk—1 + Nk—l,l,Lk—l)‘
) k

O8k-1,L,_4
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Denote Dy, := Nio 1, + Ni1.1, and divide both sides of above by Hgk,Lk, we have

D 576 72 D
_—F <65, mase W' gy + — =
2 (AL
logy, 1, k ww 9 logy_1 1, ,

In the case of Ly =1, by Property 3 of Lemma 20.1, we have

Dy _ Niia
logr,  8dln(1+ 82 4 161 (2672)

< M 1In(dM).

Thereby we have

576 72 D
<maX{M1n(dM) —51013L,, max | - W ey + — #} (3.40)

1ng Ly P w,w 9 logy_1 1,

Taking a summation over k on both sides of (3.40), we have

K* K*
De _ D +Z~D’“ (3.41)

k=1 k)Aék,Lk log, Ly k=2 log;, Ly,

276 72 Dy
< + Zmax M1In(dM), — 16]5L,, max ||w w HA(/\* ry-1 + L
1OglL k=2 k o 9 logy_11, ,
(3.42)
276 72 Dy,
< +ZM1n(dM) Z — ||0||2L max ||w w ||A(/\* ry1 =
loglL k=2 =2\ Gk wyw 9 logy_11, ,
(3.43)
D, K576 E72 Dy
<D () + 3 TR IORL, s - g+ 3
log,, iz k=2 Ok ww 2 9 logi_11,
(3.44)
Thus by setting g = 72 x 2 and rearranging the terms, we have
K)(' D 2D K* K*
D 2 +2ZM1n(dM)+22576 OI3L, mas fw-wlig . (345
i=1logy , logy 1, k=2 Gi
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For Dy, which corresponds to the first sub-phase where we use E-optimal design with doubling

trick, we have the stopping condition,

2 2 —
w%,%’]}/(vl Hw - w,“A(Zl,O,Llnyl)_l ||9H2L77]'Og1,L1 < C:%

This implies that when the stopping condition is met

v I 08, o »
v 2 g A (0= e, e (3.46)

and

2H9||§L7710Aé1 Li-1 712
Nl,O,Llfl < C12 wgul,i‘l}/cvl ”w -—w HA(ng_lfLrl)—l' (347>

Since we use E-optimal design for the first phase, the factor of |w — w’||i(§L | Fri-1y-1 can be
115

upper bounded by

2
|w - w’HA(ng_lleq)A

2
/ 2 — R — — !
<Bw —w \|A(£L1_1I)_1 + ZH(F T (T T (w - w') (5.5 7125)71

(Lemma 21.5)
2 2

<Blw = w'[4n - +2[w =W [y, (Lemma 21.8)
2

<6]w - w,HA()\E,I‘)—l' (3.48)

Plug (3.48) into (3.47), and use the fact that 2Ny o ,-1 = N1o.,,(1 = 1, we have

2, 2 2, 2
Nio,, < 24[0[5Lylog, 1,y i |w=w"[40r,.r)- < 240515108, 1, SR Jw = w4 )

(3.49)

Thus we have,

D 2N
= < =" < 48)65L, max [w -, ) = o1
logyr,  logyp, WwrEr1
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By the same calculation as (3.17) and (3.19), we have
s K1
! * % .
0130 Y, 72 m, o= 0P s < OIS 5 = o
k=2 G ¥

where ¢ is an absolute constant. Next we lower bound the left hand side of (3.45). To do

this, we first upper bound loA?g,ﬁ’ L, as

__ 2 2.61k2 L2
logy, 1, =8dIn| 1+ D’;LZ +161n(Tk)
2 9. dl.2
<8d1In 1+D’;LZ +32ln(Lk)+16ln( 65k)
2 D 2. d1.2
<8dIn 1+—DIZZLZ +321n(10g2( ¥ ))+16ln( 65k )
2 RAL-2
§32d1n(1+ Ddez)+161n(265k ) (3.50)

where the inequality above uses the fact that L, is the index of the last doubling trick
iteration for phase k, by the design of the doubling trick, we have L; < logZ(%).

KD, & D,
L= = 264k2L2 )

b11085 1, k1 8dIn (14 252) + 1610 ( o

K*

Dy,
> (due to (3.50))
;;13205111(1 De2) + 161 (2090 )
K*
= Z I Dkl;k 2.6 *2
k=132d1n(1+%)+16ln( 2052 )

1 =
) Y Dy L2 djg+2 ZDk
32d1n(1+k—lT’“z)+161n(%)k=l

Denote p3 := K*M In(dM), looking back at (3.44), we have

K* K* 2 d o *2

DL 2:6¢K
> Dy < 32d1n(1+%)+16ln( 65 ) (p1+p2+p3).
k=1
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By Lemma 23.2, we have

S 2-69K*2 212
ZDkS32(p1+p2+p3)ln( 5 )+64d(p1+p2+,03)1n(3+(p1+p2+p3) dz) (351)

k=1

Sample complexity for second sub-phase

The design for the second sub-phase of phase k is based on T+, the estimate of T at the
end of the Li-th doubling trick iteration in the first sub-phase of phase k,

< _ . _ 72 .
A = arg ,\gl(%) w%%}}kaw w HA()\,FLk)—l'

Then for any A, by Lemma 21.5 we have

2
S5 = T
2
_ 72 -T _ ALk -T _ /
<3 0 = s 2 g |7 - 0D D)

AN I)?

We plug in A == af g+ (1-o})A;, with of <1/2 will be defined later and A is the optimal
design for W,

712
Ly ag

2
a2 -T _ (TLr\-T o
<3 max o= Piogrya+2 mas [(07- @) @-w)]

2
Y -T _ (T°Lr\-T o
<6 max |w w||A(>\;;,F)*1+2w7IlrUl%}kaH(F (I5) ™) (w - w’) (5. )

(3.52)
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where the last inequality is due to the fact that a; < 1/2. For the second term in the RHS

of above, by Lemma 21.9 we have,

H (07 = (T5) ) (w - ') ?Zz Ny

- - A -1

O'min(A()\Z, F)) A(Z&()UZ kT
1 4L, log, Nyo )

: Oy v = ae,
Neo.L, Umin(A()‘kv F)) NioL, + Near, k

< 1 4Ln10gk,Lk ]\/'k,O,L;C ”U} U}’H2

B - -1
Nio.Li omin(A(j A, T)) Mo, + New, A€z, T)

1 4Log,,

< w—w'|; - set af =«
Nio,L, crmin(A()\E’ F)) | HA(ng,r) 1 ( . k)

b1 9

S;Hw - w’HA(ng,F)—l

b2 1 9

SEHw =W, P (3.53)

where for (b,), we have Nyo, > %, and (by) is due to Lemma 21.3. Plug (3.53
ok Umin(A()‘Evr))
into (3.52), we have

2
w%,%{’kaHw -w HA(S\kak)& <6 ohax

Jw - w,Hi(,\* -+~ max fw- w’”Z(g Tlk)-1
) w, IEWk Ly

2 (G}

<6 max |w - ————
9 0]5Lylogy. 1,

2
'LU,'LU’EWk w’”A(}\Z,F)71 + (Nk,O,Lk + Nk‘,l,Lk)j
(3.54)

where the last inequality is due to (3.26). According to the algorithm design, the number of

samples in the second sub-phase of phase k is defined as

Ny = [2(1 +w)G2p(Wr) L, log(%w')] vr(w),

with p(Wg) = minyea(z) maxy wew, |w - w’Hi(Aka)_l. Then we have, by setting g > 4,

_ 4k2W
Nio § (1+w)G 2Ly max, Jw - w,Hi(,\;;,r)—l log( ; |) + (1 +w)(Nio,, + Nia,r,),
w,w ke
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where 'S’ hides logarithmic factors of [W)| for the second term and constants for simplicity.

Plug (3.54) into the above inequality. Also note that by Lemma 14.1, we can always set
2

Ly =2([0]5Ly + 1).

Thus,
S S " 420 S
2. Nia §(1+w) 30 G Ly max w—w'[y: ) log +(L+w) > (Nior, + Niary)
k=1 k=1 wyW €V k=1
4K*2 W K*
S(1+w)K*L,p* log(%) +(L+w) > (Nior, + N, )- (3.55)
k=1

This essentially means that the sample complexity for the second sub-phase ) Ny can be
upper bounded by summation of the sample complexity we pay for Algorithm 4 and the
sample complexity of the first sub-phase Y, (Ngo.r, + Ni.1., ). Combine (3.51) and (3.55),

we conclude the result.

O
Lemma 21.1. Denote
fog(Nio,010) = 8d1In (1 + N’“T‘)Lg) + 161n(2'76d) .
A sufficient condition for
Neos > 9‘7%16:%(]\[1@,0,8 + N1, 5k,z) Vi), (3.56)

Umin(A(/\E7 F))
to hold is

]_6ng'2 8g 3290’2 (2-6d)
N n 1 d+ N, L2 L2 Ui 1 .
k0L 2 Jmin(A(AE,P)) n(Umin(A()\E,F))( e Z)) ' Umin(A(AE’P)) ’ 0

Proof. Given

i~ N, N L? 2.6¢
log(N,“O’e +Nk717€,5k7£) = 8dln(1 + (Nio,0 +d k1,0 z) + 16ln(76),
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By Lemma 21.2, for the formula

X>Aln(D+BX)+C
we have
B 8gdo?
o A= o'min(A(AnEvF))’
e B= L

oyl 26
¢ C - Umin(A()\E:F)) ln( g )7

Ny 1.0L?
° D=1+—’“’1d“Z =5

Thus a sufficient condition for the inequality to hold is

16gdo? 8gdo? 2 2 32g02 .64
Nioe> il In 9%y 1+ Neels n L + 9%y ln(2 0 )
o O-min(A(AEWF)) O-min(A(AEWF)) d d O-min(A()\Ear)) 5

2

16gdo? 8902 S, 32g02 (2-6d)
= d+ Ng1,L°+ L 1 .
min(A(Az, T)) n(amin(A(AE,F))( * Nenelz+ L) (A T)) \ S

]

Lemma 21.2. Let X >1,A, B >0, then a sufficient condition for X > Aln(D + BX) +C is

X >2AIn(AD + AB) +2C.
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Proof. The proof is motivated by Gales et al. (2022). Let f € (0,1), then

X>Aln(D+BX)+C

<X > Aln(fTX) +Aln(?(§ +B)) +C

chA(fTX—l)+A1n(?(§+B))+O (since In(x) <z -1)
<=X(1-f) 2Aln(%(§ +B)) +C

1 A(D c
X > Alnl —|=+B .
ThEIf lq(2f(X+ ))+1—f
Set f =1/2 and by the fact X > 1, we have

X > 2AIn(AD + AB) +2C.

O

Lemma 21.3. Suppose that we have a data set {Zr, Xr}. Denote the empirical distribution

of Zr as &. The number of samples satisfies

802

>——"1_log(Zr,8) vr(w).
T>amm(A(§,F)) g(Zr,0) vr(w)

T is the OLS estimate of T' based on {Zp, X7}. Then

2 2
lwlaery-1 < 6lwlaer-r-
Proof. By Lemma 21.5, we have

2
2 2 T
lwlaceryr <Blwlye )+ + QH(F -L )wHA(s,Irl

2 1 2
53”71)“,4(5,?)-1 + §Hw||A(SI)’1’
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where the last inequality is due to Lemma 21.8 with g = 2. Rearranging the terms, we have

2 2
Hw”A(g,F)—l < 6HWHA(§T)-1'

]

Lemma 21.4. Suppose that we use ROUND to sample Ny arms according to A\g denoted
as Zy, and Ny arms according to A\ denoted as Zy, with Ny > Ny. Denote the empirical

distribution of all the collected samples as &, then

2 2
lwlaery < 4lwlao, ry-r-

Proof. Denote the empirical distribution of Zj as &j, and the empirical distribution of Z; as

&1, then we have

-1
2
”w”fi(zouzl,r)—l =w Z FTZZTF) w
ZEZOUZ1

-
=w'[ Y T722T+ ) FTzzTF) w

ZEZ() zeZy

-1
=w' NO Z £Z’UFT2’ZTF + Nl Z £Z71FTZZTF) w

2eZ 2eZ
-1
1 N Ny
_ _olT22T 1 T722T
N(]+N1w N0+N1;,7§70 = +N0+N1;€71 =z ) v
-1
1 Ny
< T I722T
_N0+le N0+N1;’7£’1 = ) v
9 -1
< T 1722 Ny > N,
st (zers) 9230
4 -1
< T )\FT TF
_N0+le ZEZ; 11 2% ) w

—m |w “A()\l,l“)*l :
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The result follows by noting that

2 _ 1 2

]

Lemma 21.5. Suppose that we have an estimate T that is invertible, for any x € R? and

covariance matriz V', we have
Je ey 1 < BlalZrymy + 2| @ =T (3.57)
Proof. Suppose we have an estimate T. Then,
[ ¢eryry-s = Il @ryvmy + 12l ieryry = 12l iy
Note that

(VD) - (TVD) =T WV T TV T
S Rt VAt R Rt VA R SFES et VAl RN et VAt el
=T WACT-T )+ (M -THV-IT .

Thus,
oo = 2o + 2 TV YT T N+ 2 (T =T HV T T2
(TTVT) (TTVT)

(7 =Ta| , +|@7-T7)a ||x||(m>-l

<Nallpovmys + glalrmy s+ 5| @7 =T 0+ @ =F |+ Slelirom

(AM-GM)

2
< el@rvey + Il oryry-

This implies that

2 2 -T_T- 2
HxH(rTVP)-l s 3Hx”(fTVf)‘1 * 2H(F =T T)va—l
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O
Lemma 21.6. Suppose Ay = argmin f(A\) and A, = argming(\) and f(A) < g(A) + h(N),

then

FAF) <g(Ag) +h(Ay).

Proof.

F(Ap) < min(g(A) + (X)) < g(Ag) +h(Xy).

Lemma 21.7. Define \* and X,

A i=arg min max ||U) —w,HZ Az, )1
AeA(Z) wyw' W ()

and

A= arg min max |w-w'|%, 7o
AeA(Z) waw'ewW A=)
as the optimal design regarding T and that regarding its estimate T respectively. Then, we

have

2
112 o _ 712 =T _A*T _ !
wr,?ui}évuw —w HA(AZ,F)’l < w{{lﬂ%%w w HA(,\;,F)—l + wf?ﬂ?fé\,QH(F 7)) (w = w’) (2. azz2m)

Proof. By Lemma 21.5, for any w,w’ € W and A\, € Az,

2 2 e 2
Jw = yn, pyr € 3Jw =i,y + 2| (O =T -w)|

Thus

72 712 -T _7-T /
e [ —w'[5 s € mine 3w =[S pyo + max 2 (07 =T (w - w)

(S Aez2™)
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By Lemma 21.6,

ne . a2 -T _T-T N
w{?ﬂ?“e%”w —w' [y S w{fﬁ%%w w4y +wf?ﬂ?g}§v2"(r ) (w-w’)

(Zz )\;ZZT)71 )
]

Lemma 21.8. Suppose that we have T that is an OLS estimate from an offline dataset
{Zp,, X1, } collected non-adaptively through a fized design \ and the efficient rounding pro-

cedure ROUND. Let V = Zp, Zr,. Then, for any x € R and g > 1, we have, with probability
1-9,

| _f-T)xHQVJ < énxni(zﬂ .

when

Tos 9% oz 5o (3.58)
>—F—— o 1,0) V2D, )
1 O'min(A(A7F)) g T 1Y%
where p is the cardinality of support of A.
Proof. We first show that
A s 1
[T
=|0 ST Zy, VT + V2 S) e (Lemma 21.10)
1 2 2
B|VET TS 2 VT + V2L ) T (|Az[? = HV%AxHQ)
1 1 2 1 2
<JvirTsTza v v vazgs) e (1Az] < [ Al l])
op
iot? 1 |l - |2
s|v=srr| s znves| vorrevoizs) Tl (14Bl,, < |4l Bl.,)

ey vz | v e vz s) el

(147 A, = 1412,)
—[r v HopHV‘l/QZ}lSHszV‘WF‘T:v ~VPr T (vzL S) (T v 21 S) e z

(Lemma 21.11: (A+B)™' = A1 = (A+B)'BA™)

aSQHF_IV_IF_THopHV_WZ%SH;(HV_I/QF_Ttz + HV—1/2F—T(V—1Z}IS)T(F + V—IZ}IS)‘% z)
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2

We can upper bound the the term HV‘U?F‘T(V‘lZ}lS)T(F + V‘lZ}lS)_T:c =:0 by notic-
2
ing that it appears in both of a;, as above. Thus we have the inequality
V< [TV vz S| (Hv-1/2r-TxH2 4 m).
op 1 op 2
By rearranging the terms, we have
vs 1 ety vz, s v

= 2
1- nr—lv—lr—THOpHv—wz;lSHOp
By Lemma 19.1, with probability 1 -9, we have
_ 2 —
HV 1/QZ}ISHOp <ozlog(Zr,,9).
Thus, with probability 1 -4, we have

! Too 2
v — r-tv-ir—r 00(Z+ NIV220"2|7
T oosZn )| |, o2To8(Zn, )|V

2Nog(Z7,,0) <

To further upper bound %, we first find a sufficient condition on 71 such that [I'-'V=IT| | o7

%, g >1. By Lemma 21.12, when 17 > 2p,

2
20,]

T10min (Y ez A IT227T)

[PtV odlog(Zny,6) < log(Zr,,6).

To upper bound the right hand side by %, we need

2

T > 497, Tog(Zr,,0) (3.59)
t= Omin(X ez A\T7227T) 08L4T 0)- '
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With this condition (3.59), we have with probability 1 -4,

1

— r-ty-ip-r 200(Zm NV -2120T 2
31‘”FflV*lF*THOPU,%log(ZTI,5) H HOP% 0g(Zr,, )| z|.
1 i -1/217- 2
o1 %QQHV e,
sl 50
]

Lemma 21.9. Suppose that we have T that is an OLS estimate from an offline dataset
{Zp,, X1, } collected non-adaptively through a fized design \ and the efficient rounding pro-

cedure ROUND. Let V be any positive definite matriz. Then, for any x € R?, we have, with
probability 1 -9,

| —fﬂ:vHi_l <2y

- 2
Opafilog(ZT1 ,0) ||515HA(ZT1 )b

when

402 _
T, > log(Z7,,8) v 2p,

- Umin(A(/\a F))

where p is the cardinality of support of A.
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Proof.

—~ 2
(- FJ)Q’“HV—I

=[P TST 2 VT V25, 8) Ta, (Lemms 21.10)
VTS 2 v (e V27, 8) | (1Aal}, = |vE a])
s za A vz syl (1421 <Al gl
< VosDT jp STZT1V7% szV§(F+VlZ}lS)T:c z (HABHOpS HAHOpHBHOP>

v vz sp Ve e vizgs) el

2
(1A Al = 1A1G,)

ot vz, SHZPHV—mr—Tm ~VRr T (vzn 8) (D+viZL S) e z
op

(Lemma 21.11: (A+B) ' = A1-(A+B) 'BA™Y)

)

< ‘F‘1V‘1P‘T

HV_l/QZTTHSH(Q)p(Hv_l/QP_Ttz + HV—1/2F—T(V—1Z}15)T(F + V—lZ}ls)‘Tx
op

Given the condition (3.59) holds, we have with probability 1 -4,

e -F

2yt

_ 2 _ _ 2 _ _ 2
vz S (Ve vl

=2|| v

vz s vrra;

§2||F‘1V‘1F‘T

N 2
Opa%log(ZT1 ,0) @l reyry-1s

where (ay) is due to (3.60) and setting g = 1. O

Lemma 21.10. For a least square estimate T that is estimated through a design matriz Z

and T is invertible, we have
T - =P+ V' 278) 'V izTsr
Proof. Since T is a least square estimator, we have

T=T+V1Z7s.
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By Lemma 21.11, we have

T -1 =(C+V278) " -1
- (T+VZ78) 'vzTsr .

O
Lemma 21.11. For two invertible matrizes A, B € R4 we have
(A+B)'=A1-(A+B)'BA™..
Proof. We have
(A+B)'=A1+(4+B) - A"
—A+ ((A+ Bt A-T)A
=A7+ (A+B) 7 (A-(A+B))A™
=A - (A+B)'BA™.
O

Lemma 21.12. Suppose that we have a design matrix Zy that is sampled from a distribution
A € Az, with the efficient rounding procedure ROUND. Let p represent the cardinality of
support of . We have, if T > 2p,

2
< )
op  Tomin(Y.ez \.IT22TT)

|(r7 25 2e0) "

where owin(+) s the smallest singular value of a matrix.
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Proof. Suppose that each arm z € Z is sampled ¢, times, the empirical distribution of Zr is

€= (%)zez’ Thus, we have

1
o Owin(ITZZT)
1

Umin(T ZzeZ fZFTZZTP)
1

TUmin(ZzeZ SZFTZZTF) .

|(r7z;z,1)"

By Fiez et al. (2019, Proposition 2), we have

Z 22T > « Z ATT22™T,

zeZ zeZ

where « € [%2]), 1] when T' > 2p. Given the fact that bothof ¥,z £,T 722" T and ¥,z A\, I'722"T

are positive definite, we have opin (Y ,ez E1722T) > aomin(Y ez A.I'7227T). Thus, we have

1
< .
op AT omin (Y ,ez AI722TT)

|(v-z32er)”

When T' > 2p, we have « > 1/2, which implies the result. ]

3.7.12  Estimating Amin(T)

In this section, we introduce a simple adaptive procedure that finds a high probability
lower bound on 7. = A\yuin(I') that is sufficiently accurate (i.e., within a constant factor of
7. ). For simplicity, we assume |z <1, V¢ in this section.

Our algorithm leverages confidence bounds to adaptively determine how many samples
we like to take. Let I, := (Z7Z)"'Z7X be the least square estimate of T' after sampling
t times to obtain {(z,,x,)}.; where Z € R”® and X € R™? are the design matrices. Let

Vi =¥ z.2]. We define the lower and upper confidence bound for «*, as follows:

LCB(t) = Apin (L) - % UCB(#) = Amin(F'y) + ﬁ
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where

1 2t 2:67 4
= o [=Vi)-|8dIn|1 16In| —log; | ————
wt O—mln(t t) n( + d(2 /\O-min(‘/t))) * n( ) 082 (2 /\O-min(‘/t)))

and LCB(0) := —o0 and UCB(0) := co.
The following lemma shows that LCB(¢) and UCB(t) form a valid anytime confidence

bound for v, .

Lemma 21.13. (Correctness of the confidence bounds)
1-0<P(Vt>1,LCB(t) <y < UCB(t))

Equipped with the confidence bounds, we are now ready to describe our algorithm for
learning 7. (see Algorithm 12). Since the tightness of the confidence bounds depends on the
smallest eigenvalue of V,, it is natural to use the E-optimal design as defined in Section 3.3.2.
Recall that the solution of the E-optimal design is A}, and kg is the smallest singular value
achieved by A7. We take in a rounding procedure for the E-optimal design ROUNDg(A, )
that takes in ¢ samples and design A and outputs integer sample count assignments {N,},.z

so that if we sample according to these counts then we have
41 -1
O-min(g‘/t) < (1 + w)HO (361)

After determining the base sample counts {m,},.z by ROUND(\}, [r(w)],w), we start dou-
bling the sample size until we satisfy the condition LCB(t) > sUCB(¢). Note that the
sampling scheme in the while loop is designed such that the total number of samples col-
lected up to (and including) j-th iteration is 2/-![r(w)]. Once the loop stops, we return
LCB(t) as the claimed lower approximation of the 7. .

Let N, be the total number of samples we used in Algorithm 12. Then, the next theorem
shows that the estimate returned by our algorithm is both a valid lower bound to 7. and

sufficiently accurate.
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Algorithm 12: Learning A, (")
Input: Arm set Z, rounding procedure ROUNDg for the E-optimal design,
rounding accuracy w

Initialize: j7=1,¢=0.

Compute the E-optimal design A7, for Z.

Compute {m;}..z by ROUNDg(A%, [r(w)]).

while LCB(t) < 1UCB(¢) do
t <27 r(w)]
For each arm z € Z, sample 2/-tm, — 1{j # 1} 2/-2m,, times
Estimate I, using all samples collected so far (total ¢ data points)
Jeg+l

Output: LCB(%)

Theorem 22. (Correctness of Algorithm 12) The total number of samples denoted by N,
used in Algorithm 12 satisfies that, with probability at least 1 -6,

% <LCB(N,) <~

We next analyze the sample complexity of the algorithm, which essentially shows the

scaling of (;20 even if the algorithm does not need knowledge of 7. .

min)

Theorem 23. (Sample complexity of Algorithm 12) Then, with w =1, we have, with proba-
bility at least 1 -9,

Ny =0(r(1) + () 265" (dpolylog((35) 2 k" d) + In(2/5)) )

We remark that Allen-Zhu et al. (2021) provides a rounding procedure with r(g) = O(d/£2).

Proof of Lemma 21.13. Note that I =T+ Vi 1Z7S where Z, S € R”? is the design matri-

ces with s-th row being 2! and 7] respectively. Using Lemma 19.1, we have, with probability
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at least 1 -9,

A 2
vt 1|0 - T, = [V 12782,

~1/22 ~1/2 2

< Vil Ivi 227,
1 -1/2 2

=—— |V ZTS
to_mln(%‘/t) || t Hop

1 2t 2-6¢ 4
<— | 8dIn|1 16ln| — log?| ——
= 10w (1V7) “( +d(on—mth)))+ “( 5 Og?(zmmmm)))

( Lemma 19.1)

1
=

The well-known Weyl’s theorem implies that max; |Ag(Ty) = Ae(D)] < |Ty - [, where A,(A)
is the k-th largest singular value of the matrix A. Choosing k = d and combining it with the
display above conclude the proof. O

Proof of Theorem 22. We assume YVt > 1, LCB(t) < ~*. < UCB(t), which happens with
probability at least 1 — 4. Then, it is trivial to see that LCB(N,,) <7, .
For the other inequality, we use the fact that the stopping condition was satisfied with

Ny:
1 v
LCB(N,) > §UCB(Nw) > % )

This concludes the proof. O

Proof of Theorem 23. We assume V¢ > 1, LCB(t) < Apin(I") < UCB(t), which happens
with probability at least 1 —4¢. In this proof, we let Yy, = )\min(f‘ No) and v = Apin (I) for
brevity.

If N, =[r(1)], then there is nothing to prove. Otherwise, the loop in the algorithm was
iterated more than once. Then, since the stopping condition was satisfied with N,,, we have

that in the previous iteration where ¢t = N,,/2 the stopping condition was not satisfied. Thus,

2LCB(N,,/2) < UCB(N,/2) .
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Using the following two inequalities:

(DN /2 VN, /2
2LCB(N,/2) > 2| Ymin — w > * -2 v
CB(Nw/2) 22|74 N,/ Vimin N, /2
we have
YN, /2
. <6 - .
Ymin S Nw/2 ( mm)z ¢Nw/2

On the other hand, with the rounding procedure, we have

1Y\ 1 L2,
mm(Zztzt) N Orin Zztzt Umax N;tht SN(l+w)/{0 :NKO

since w = 1. Using this and the fact that N,, > d, it is easy to see that there exists an absolute

constant ¢; such that

YN, 2 < 01/151 (dln(l + N, + ,@51) +ln(§)) _

Then, there exists an absolute constant ¢y such that

Ny € (Yomin) *-C2kg" (dln(l + N, + /i(_)l) + 1n(§))

We have N, on both sides. We invoke Lemma 23.2 with r =1 + N, to obtain

2
Ny < 1+2¢0(700) kgt (dln(l + 265" (1 + c2d(7550) 7)) + 1. (5)) '
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Lemma 23.1. Let A,T' e R where A is symmetric positive semi-definite. Then,
Umin(FTAF) 2 Umin(F)QUmin(A)
Proof.

(O-min(FTAF))71 = HFilAilFiTHop
< T 1A 1T (submultiplicity of the operator norm)

= O-min(F)_QO-min(fq)_1
Taking the inverse on both sides concludes the proof. O]

3.7.13  Proof of Lemma 16.1
Define A = Zle Aiese], i.e. the diagonal matrix with A on the diagonal.
Note that

. . 4, (T ~Te)’
minmax(e] —e;)"(PATT) " (e; — ¢;) = minmax y ————
A .7 A 2%} k=1 )\k-

So for an upper bound, we consider A = 1/d1,

minmax(e] - ;) (TATT)™ (s = ¢;) < dmax [T~ (e; - )|}
,J 2y

The result about p* follows immediately.

When I' = (1 -¢)/117 + €], a computation using Sherman-Morrison shows that I'"! =

1/e[I - (1-¢)/117]. Thus

minmax(ej - ;) (TATT) ™ (e; - ¢;) = 7 minmax(e; — ;) 'A™ (e; — ;)
2y} 4,7
2

= &’ minmax e;TA e +ejA e,
17]

=g2 min max e;TAe; +ejA e,
17]

> g2 m}?n maxe; TA e; =e2d
K3
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where the last line follows from the Kiefer-Wolfowitz Theorem (Lattimore and Szepesvari,

2020).

3.7.14 lemma for solving x less than In(z)

Lemma 23.2. Let a,b,c,d>0. Then, for every r,
r<a+bln(c+dr) = r<2a+2bIn(1+ 2c+ 2bd)
Proof. 1f dr < ¢, then
r<a+bln(2c) <a+bln(l+2c)
If dr > ¢, then,

r <a+bln(2dr)

-
= bln(2d—-2b
a+bln( 5% )

ga+b(2ib—1+1n(4bd)) (In(z) <z -1)

= r< 2a+2bln(ébd)

e

< 2a + 2bIn(2bd)

Either case, we have

r<2a+2bIn((1+2¢) v 2bd) < 2a + 2bIn(1 + 2¢ + 2bd)

Lemma 23.3. Let o, 3 >0. Then, for any r,

r<aln(l+r)+8 = r<2aln(e+a)+28
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Proof.

réaln(r(%+1))+ﬂ
Saln(%~2a(%+1))+ﬂ
Sa(%—l+ln(2a(%+1)))+ﬂ (Va,In(z) <z -1)
— r§2aln(2a(l+1))+ﬁ
e 'r

If r < 2a, then there is nothing to prove. If r > 2a, then r < 2aln(1 + ) + 26. Either case,

we have r < 2aln(e + a) + 20. O
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Chapter 4

Nealy Optimal Active Preference Learning and Its Application to LLM
Alignment

Aligning Large Language Models (LLMs) critically relies on high quality datasets of hu-
man preference labels, which are expensive to collect. While various active learning methods
have been proposed to improve sample efficiency over passive collection, many existing works
rely on off-the-shelf experimental design criteria, such as G or D-optimality. These objectives
are not specifically tailored to the structure of preference learning, leaving an open problem
of designing more targeted, problem-specific algorithms. In this work, we identify a simple
intuition unique to the preference learning problem that challenges the common choice of
these design objectives. Motivated by this, we propose two novel active learning algorithms.
The first achieves the first known instance-dependent label complexity guarantee for this
problem, while the second is a simple and practical greedy method. We validate our algo-
rithms on real-world preference datasets, demonstrating improvements in sample efficiency

over existing methods.

4.1 Introduction

Reinforcement Learning from Human Feedback (RLHF) is a pivotal post-training tech-
nique for aligning Large Language Models (LLMs) with human preferences, moving beyond
the limitations of standard supervised fine-tuning. A core component of RLHF is learning a
reward model that accurately reflects human judgments on the quality of model-generated
responses. This reward model then guides the optimization of the LLM, often using re-
inforcement learning algorithms like Proximal Policy Optimization (PPO) (Ouyang et al.,
2022).
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The standard paradigm for learning a reward model is pairwise preference learning. In
this setup, human labelers are presented with pairs of LLM-generated responses to a given
prompt and are asked to indicate their preference. This collected preference data is then used
to train a reward model, such as the Bradley-Terry-Luce (BTL) model (Bradley and Terry,
1952). This approach is motivated by the cognitive observation that humans often find it
easier to make relative preference judgments between two options than to assign absolute
scores to individual items.

However, collecting human preference labels is expensive and time-consuming. This chal-
lenge is magnified when high-quality labels are required, such as in safety-critical applications
like medical assistance, where each label may demand expert knowledge and careful consider-
ation. These factors make the data collection process difficult to scale and can lead to issues
with data quality (Zhang et al., 2023). Consequently, developing data-efficient methods that
minimize the number of queries to human labelers while ensuring reward model quality is a
critical problem.

To address this, we formulate preference learning as an active learning problem, where an
algorithm actively selects the most informative pairs to query, since not all pairs of answers
are equally informative. While recent works have applied active learning to this problem
using well studied tools of G-optimal and D-optimal experimental design (Das et al., 2024;
Mehta et al., 2023; Scheid et al., 2024; Mukherjee et al., 2024), they predominantly focus on
worst-case performance guarantees, meaning that either their analysis is not tight enough
or the algorithm design does not adapt to the true difficulty of the problem instance. Such
results may not fully exploit the underlying structure of a given problem instance, potentially
leading to suboptimal sampling strategies.

In this work, we argue for an instance-dependent approach. Our method starts from a
simple intuition: pairs of answers that are close to the decision boundary (i.e., those with
small reward differences) are the most ambiguous and thus provide the most information
when queried. Based on this, we develop two distinct but complementary algorithms: the
first, based on a novel experimental design formulation, achieves a nearly optimal instance-
dependent label complexity; the second is a practical and easily implemented greedy algo-

rithm based on a new uncertainty sampling heuristic.
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We summarize our contributions as follows:

e We propose a novel experimental design objective for active preference learning that,
to the best of our knowledge, is the first one to yield an instance-dependent label

complexity guarantee for the active preference learning problem.

e We design a simple and practical greedy algorithm based on a new uncertainty sampling
heuristic, which is easy to implement and does not require solving complex optimization

problems.

e We provide empirical validation on real-world preference datasets. Our results demon-
strate that our proposed methods notably reduce the number of required queries while

achieving high reward model accuracy compared to existing methods.

Notations: Thoughout the paper, we use the following notations, [n] = {1,2,...,n};
A(Z) = (N e REI| Az 20,3,z = 1} is the probability simplex over the set Z;
|z| 4 = V2TAz is the norm of z with respect to a positive definite matrix A; H(\,0) =

ez A fu(270) 227, where [ is the derivative of the link function pu.

4.2 Related Work

The Reinforcement Learning from Human Feedback (RLHF) pipeline was popularized by
InstructGPT (Ouyang et al., 2022), though the core concept dates back to earlier work
of Christiano et al. (2017). The now-dominant optimization algorithm, Proximal Policy
Optimization (PPO), was introduced in Schulman et al. (2017). While alternative pipelines
like Direct Preference Optimization (DPO) have since been proposed in Rafailov et al. (2023),
all of these alignment techniques necessitate a high-quality dataset of preference labels,
motivating the need for sample-efficient data collection.

A recent line of work has focused on improving the sample efficiency through active learning
for preference collection (Das et al., 2024; Mehta et al., 2023; Scheid et al., 2024; Zhang et al.,
2024; Dwaracherla et al., 2024; Muldrew et al., 2024; Mukherjee et al., 2024; Liu et al., 2024;
Schlaginhaufen et al., 2025; Kveton et al., 2025). Mehta et al. (2023) was among the first

to formally bring active learning to RLHF, proposing an active contextual dueling bandit
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method with a worst-case suboptimality gap guarantee. Das et al. (2024) later relaxed the
underlying assumptions to better fit the Bradley-Terry-Luce (BTL) model, and Liu et al.
(2024) further extended this to incorporate human labelers with varying levels of expertise.
Other works have framed the problem differently, for instance, through the lens of best arm
identification (Scheid et al., 2024) or for online, rather than offline, alignment (Zhang et al.,
2024). Notably, most of these works provide worst-case performance guarantees only. More
recently, active learning has also been tailored specifically for the DPO pipeline (Muldrew
et al., 2024; Kveton et al., 2025).

Many of these methods are grounded in the experimental design framework, with D-
optimal experimental design being a particularly popular approach (Mukherjee et al., 2024;
Liu et al., 2024; Schlaginhaufen et al., 2025). The seminal work for this approach dates
back to Kiefer and Wolfowitz (1960). In recent works, Mukherjee et al. (2024) proposed
D-optimal experiment design based algorithms for various feedback models and evaluated
performance using ranking loss functions, distinct from the common use of classification
accuracy, however their algorithms are not adaptive but fixed allocation algorithms. Liu
et al. (2024) proposed a dual active learning approach using D-optimal experimental design
that also accounts for labeler expertise. There are also another work with methods combining
randomized exploration with D-optimal experimental design (Schlaginhaufen et al., 2025).
D-optimal experimental design has also been adapted for DPO, with worst case theoretical
guarantees on the logit errors (Kveton et al., 2025).

Beyond preference learning for alignment, the principles of active learning or broadly
speaking, interactive machine learning are also being applied to other areas of LLM, such as
in-context learning (Margatina et al., 2023) and prompt engineering (Diao et al., 2024; Shi
et al., 2024).

4.3 Preliminaries

Consider a set of prompts X, |X| = n, where each prompt x € X' has two associated answers,
a; and ay. The unlabeled dataset is structured as triplets (z,a;,as). These answer pairs
are typically generated either by using different settings in the same LLM or by using two

different LLMs. Borrowing terminology from the bandit literature, we refer to each triplet as
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an arm. Our focus is more on the embedding space. Let d be the embedding dimension, and
z € Z c R4 denotes the embedding of the triplet (x,aq, as), where the order of the two answers
is preserved. We assume |z| < 1 for all z € Z as Das et al. (2024). The preference label is
denoted as y € {1,0}, where y = 1 indicates that the first answer is preferred, otherwise the
second. We use the notation a; > as to denote that a; is preferred over a,.

We consider a realizable setting, that is to say, there exist a true parameter 6* € R¢ such

that the preference model can be expressed as, for any i € [n],

p(y =1z, ay,a9) = w(zTH*), (4.1)

where ¢ is a monotonic link function that maps the inner product z76* to a probability.

_1
l+e 2

linear model: ¢(z) = %L, with = € [-1,1], and Gaussian CDF, ¢(z) = ®(x), where ® is the

This can be instantiated into different common models, such as logistic model: ¢ (x) =

cumulative distribution function of the standard Gaussian distribution. The logistic model
is often called Bradley-Terry-Luce (BTL) model in the human preference learning problem,
and will be the main focus of this paper.

We formulate the pairwise preference learning task as an active classification problem for
the sign of 278*. The objective is to train a classifier that correctly classifies the preference for
all of the answer pairs, by actively and adaptively selecting arm at each round and querying
human annotators for preference labels.

At every round ¢, based on all the data collected up to time ¢, the learner selects an arm
and queries the human annotator for its preference label. The learner then receives the
labels that is generated by Equation (4.1). This can be seen as a special case of a batched
setting, which is more realistic in large scale label collection where the learner can select a
batch of arms and query for their preference labels at once (Scheid et al., 2024). The labeled
preference dataset at time ¢ thus can be represented as D; = {(zs, Ys) | s € [t]} A classifier 6,
can be trained based on D; by solving the following maximum likelihood estimation (MLE)

problem,

R t
O = argmax ) y,log v (2;0) + (1 -y,)log(1 - (2;0)). (4.2)
€ s=1
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An arm z is said to be classified correctly by the classifier 6, if sign(z76,) = sign(z70*).
The goal of the learner is to design a strategy that can classify all the arms correctly with
high probability. We define the following notion of probably approximately correct (PAC)
strategy.

Definition 3. (§-PAC) A strategy is said to be §6-PAC if, for any problem instance (Z,0*)
and any 6 > 0, it can be executed in a finite number of steps and with probability at least

1 -9, it outputs a classifier that can classify all the arms correctly.

Our goal is to design a §-PAC strategy, while minimizing the number of queries made to

human annotators.

4.3.1  Confidence Interval

Our approach critically relies on two ingredients: the confidence width of the MLE esti-
mator from Equation (4.2) and the relative position of the confidence interval, which will be
clear in the next section. Here we present the confidence interval we use for rest of the paper,
but our approach is rather general and not sensitive to the specific choice of the confidence

interval.

Theorem 24. (Theorem 1 of Jun et al. (2021)) Let § < e. Let 6, be the solution of
Equation (4.2) where, for every s € [t], ys is conditionally independent from {z;}t_; ~ {zs}
given zs (i.e., the z5’s are a fized design). Fix z € R with |z|| < 1. Let t.g be the number of
distinct vectors in {zs}._,. Define y(d) = 64(dlog(6) +1log((2 +t.)/9)). Define the event

1
Evar = {VZ'a ﬁHZ’||Hf({zs,se[t]},e*)—1 < HZ'HHI({zs,se[t]},et)—l SV 2'2||Z,|H’({zs,se[t]}ﬂ*)1}‘

1f & = maxsetn) |26l (., ey oy < 7@ then

2(2 + teﬁf)

P zT(ét - 9*) > D(;’t(Z) = 2'4”ZHH’({ZS,se[t]},G*)*l log T,gvar < (5,

where H'(D,0) =Y ,ep (1(270) 227 is the Fisher information matriz at 6.
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4.3.2  Intuition

The core intuition of our approach is to leverage the positions of the confidence intervals
for z70* relative to zero for each arm z € Z. This contrasts with many existing works that
primarily focus on reducing the overall uncertainty of the parameter 6*, for example, by
minimizing the volume of the confidence ellipsoid of 6* (D-optimal experimental design) or
the maximum prediction variance over all arms (G-optimal design). In other words, these
methods consider only the width of the confidence intervals for z76*, while neglecting their
positions.

We illustrate our intuition in Figure 4.1 using four arms with different confidence intervals
on z70*. The varying widths of these intervals reflect different levels of uncertainty at a given
time t during the learning process. Algorithms that are designed to minimize uncertainty
of each individual arm, such as G-optimal experimental design (Das et al., 2024), would
preferentially pull arms with high uncertainty (i.e., wide confidence intervals), like arms 1
and 4 in the figure.

Although this strategy may seem reasonable from a general uncertainty reduction per-
spective, and often be used in many heuristics, from a sign classification perspective, this
strategy can be suboptimal. Arm 1, for example, is already easy to classify, as its entire con-
fidence interval locates above zero, despite its width. In contrast, the confidence interval for
arm 2 overlaps with zero. This indicates that under the current estimate 0, its sign remains
uncertain, even though its associated uncertainty width is smaller. Therefore, intuitively it
is more beneficial to pull arm 2 to reduce its uncertainty until its confidence interval is fully
separated from zero.

In the next two sections, we formalize the above intuition into two algorithm designs.

4.4 Active Preference Learning via Experimental Design

In this section, we develop a 0-PAC algorithm for the active preference learning problem

based on the experimental design framework.
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ZT6*

arm

°4
0
i 0.4 *o

Figure 4.1: Intuition for our proposed method. An arm’s sign is considered confidently determined
(green) if its confidence interval does not contain zero, and uncertain (red) otherwise. The numbers
denote the width of each confidence interval.

4.4.1  Optimal Allocation

To motivate our algorithm, we first analyze the optimal query allocation in an oracle setting
where the true parameter 6* is known. This allocation represents the ideal distribution
of preference queries across pairs of arms. Subsequently, we will introduce an adaptive
algorithm that approximates this optimal allocation without knowledge of 6*.

We begin by defining Cy as the set of all parameters 6 that correctly classify all arms,
Cp = {«9 eR?|Vze Z,sign(270) = sign(zTG*)}.

Intuitively, the algorithm should be designed to return a classifier 6 that belongs to the set Cy
with high probability and minimal label complexity. This requires an optimal allocation over
the arms Z that efficiently exploits the structure of Cy, ensuring the classifier 0 converges to

this set quickly. We define
Zy={zeZ |70 >0}, Z5:={zeZ|270"<0}.
By Theorem 24, we have

210" =270, <C |2 o (eoselihory-1\/ 108(t/6) (4.3)
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For any arm z € Z;,, the requirement 2760, > 0 is equivalent to:
210" — 270, < 276", (4.4)

Given the confidence bound in Equation (4.3), a sufficient condition for Equation (4.4) to

hold is

C- “ZHH’({zs,se[t]},B*)—l V log(t/6) <z'0". (4.5)

To ensure 270, > 0 for all z € Zj., this must hold for the worst case, leading to the sufficient

condition:

1 > max HzHH’({stSE[t]}ﬁ*)_l - max ||Z|| (tTsez )\z,t/l(zTH*)z,zT)’l

C. \/m zeZ 2TH* zeZ 2TO*

where A, ; = ' 1{z, = 2}/t is the empirical frequency of arm z till time t. This motivates

choosing a design that satisfies this sufficient condition as quickly as possible,

”ZH (Shez ,\ZA(ZTQ*)ZZT)’l

A\t = arg )\?Ali(%) max e (4.6)
Similarly, for an arm z € Z;,, a parallel argument leads to the design:
HZH (270 )22T) 7!
A\ =arg min max (Baez Met(eT07)22T) (4.7)

XeA(Z) zeZ —270*

Combining the objectives from Equation (4.6) and Equation (4.7) yields a unified design

that ensures the parameter estimate converges to the true parameter 6* at a fast rate,

)\* _ . ||ZH(ZzeZ )\zﬂ(zTQ*)ZZT)’l
=arg min max
AeA(Z) zeZ |ZTQ*|
Comparison to G-Optimal and XY-Optimal Designs. Readers familiar with experi-
mental design methods, particularly in multi-armed bandits, may notice a similarity between

our design objective and the G-optimal or XY-optimal design objective as frequently used
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in best arm identification problems (Soare et al., 2014; Zhao et al., 2024; Fiez et al., 2019;
Yang and Tan, 2022). However, there are crucial differences. The G-optimal design aims to

minimize the maximum prediction variance,

arg min max| 2z xer)

The core distinction in our objective is the instance-dependent denominator |276*|, which is
absent in the G-optimal design objective. As explained in Section 4.3.2, this term augments
the G-optimal design objective by considering the confidence interval’s position relative to
the decision boundary. This augmentation is the key to achieving our instance-dependent
results in the next section, moving beyond worst-case guarantees (Das et al., 2024; Mukherjee
et al., 2024; Liu et al., 2024).

Our objective also differs from the XY-optimal design (Fiez et al., 2019; Zhao et al., 2024),

which is defined as,

arg min max ”Zl —* ||(ZzeZ Ar22T) 7t
)\EA(Z) 21,2262 |(Zl _ 22)T9*|

While the XY-optimal design also has an instance-dependent denominator, it is tailored
specifically for best arm identification, as the allocation focuses on reducing uncertainty on
the particular direction of (21 — 29) for all 21, 25 € Z. This is suitable for identifying a single
winner among all arms. In contrast, our objective is designed to classify all arms, focusing
on resolving the uncertainty of each individual arm z with respect to the decision boundary.
There is also other difference between our problem and the best arm identification problem,

which we explain in the remark of next section.

4.4.2  Algorithm Design with Unknown 0*

Guided by the oracle allocation derived in the previous section, we now present an adaptive
algorithm that approximates this allocation without knowing the true parameter #*. Our

approach is inspired by the sequential experimental design framework (Fiez et al., 2019; Jun
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et al., 2021; Zhao et al., 2024), which has been successfully applied to various multi-armed
bandit problems with linear structures.

The key idea is that to classify all arms with high confidence, we need to shrink the con-
fidence interval for each z76* until it no longer contains zero. Once an interval is separated
from zero, the sign of the corresponding z76* is determined with high confidence Equa-
tion (4.4)-Equation (4.5). The number of samples required for each arm z € Z depends on
the magnitude of 276*. The oracle design from the previous section provides an allocation
that achieves this separation efficiently by adapting to the specific structure of the problem
instance.

The full algorithm is presented in Algorithm 14. It proceeds in two phases: a warm-up
procedure to obtain an initial estimate of #*, and a main sequential experimental design
procedure. The warm-up phase, detailed in Algorithm 13, collects an initial dataset by
sampling according to a G-optimal design.

The main phase of the algorithm operates in rounds. At each round ¢, we maintain a
set of active” arms, Z,, which includes all arms whose signs have not yet been confidently
classified by the previous estimate, ég_l. We start with Z; = Z. The algorithm also uses an
exponentially decreasing precision parameter, ¢, that controls the effective distance to the
decision boundary for the active set. In each round, we compute a new design, \;, based on
the estimate ég,l and the active set Z,. Arms that are far from the decision boundary (i.e.,
where |2760*| is large) are expected to be classified with high confidence in early rounds and
are thus removed from the active set.

We note that the warm-up procedure requires knowledge of a lower bound on the minimum

derivative of the link function at the true parameter.

Algorithm 13: Warm-up procedure

Input: Z,0,w, kg = min,ez 1(2760*)
Initialize: )y = argminyea(z)max,.z Hz”%z L Aeze)
N = [3(1 v )y (d) log(212](2 + |Z|)/5)]

Pull arms in Zy, = ROUND(), No) and observe Yy,
Output: MLE 6, by Equation (4.2)
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Algorithm 14: Experimental design algorithm

Input: Z,0,w

Initialize: (=1,2,=2,6,=2"",Q=0
0o = Algorithm 13 (warm-up procedure)
Set:

N - 2
f1(0p-1,A) = y(d) max,z \|Z||H(A,é[_1)—1

f2(Z0,00-1, A) = 2422 max, ez, ”ZH}ZLI()\ﬁg_l)’I

F(Z0,00-1,N) = f1(Be-1, NV f2( 20,004, 0)
while |Z,/ > 1 do

A¢ = argminyea(z) f( 2, 9:4717 A)
p(Z¢) = minyea(z) f( 20, 00-1, N)

Z, = ROUND(\, Ny)
Q<QuZ

Pull arms in Z, and observe Y,

Zp = 24\ {Z €Zy

L l</l+1
Pull arms in ) and observe Y

ZT9g| > 8@}

Compute MLE 0 with data {Q,Y} by Equation (4.2)

Output: 6

Ny=[3(1+w)p(Z)) log(W)w vr(w)

Compute MLE 0, with data {Z,,Y;} by Equation (4.2)
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Remark 7. The final, non-adaptive sampling phase in Algorithm 14 (lines 19-20) is a criti-
cal step. It is necessitated by a technical requirement of the confidence bound in Theorem 2/
and same for many other confidence bounds (Abbasi- Yadkori et al., 2011), which requires that
data is collected non-adaptively. That is, the selection of arms cannot depend on previous
observations. Consequently, the confidence guarantee would not hold if we were to compute
the final MLE using only the data gathered adaptively during the main rounds. This require-
ment distinguishes our setting from many standard sequential design problems (Fiez et al.,
2019; Jun et al., 2021; Zhao et al., 2024), where the goal is to identify a single best arm.
In contrast, our objective is to output a reward model, which necessitates a valid confidence

bound on the final parameter estimate itself.

We show the following two instance dependent quantities that essentially capture the
complexity of the problem instance,
2
. . ||Z||H(>\,6*)*1

= min max 5
NA(Z) 22 |z70]

and

- mi 2
Po = )\521(1%) max 3v(d) ||Z||H(>\,9*)71 :

We define the following shorts for simplicity before we are ready to present an upper
bound for the label complexity of Algorithm 14, ¢* = [log(élA‘l)], A = min,.z|270%|, log =
log( 2072|2|(2+|2)) )

0

Theorem 25. (Label complezity) With a probability of at least 1 -0, Algorithm 14 will stop
after at most c(1+w)€*logp* +c(1 +w)e*logpy + (1 +w)rg'dy(d)log + cl*r(w) rounds, where

¢ 18 an absolute constant.

Theorem 26. (Correctness) With a probability of at least 1 -0, the reward model 0 will

classify all arms in Z correctly, i.e.,

sign(z70) = sign(270*)  for Vze Z.
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Our result stands in stark contrast to existing work on active learning for RLHF. Prior
works (Das et al., 2024; Kveton et al., 2025; Mehta et al., 2023; Scheid et al., 2024), for
instance, have analyzed various performance metrics, such as suboptimality gap, simple
regret, and logit error, but have only provided worst-case guarantees. Their convergence
rates, typically on the order of O(d/\/T), lack dependence on the problem instance and
therefore fail to capture the true complexity of the learning problem.

In contrast, our results are instance-dependent. This is because our approach identifies an
experimental design objective that is intrinsically tied to the problem structure. Previous
works have relied on standard, off-the-shelf objectives like G-optimality and D-optimality.
While these are powerful general purpose tools, they are not specifically tailored to the active
learning problem in RLHF, which limits the tightness of their theoretical guarantees.

The instance-dependent quantity p* is analogous to complexity terms that arise in many
best-arm identification problems with linear bandits (Jun et al., 2021; Fiez et al., 2019; Zhao
et al., 2024). This term captures the problem’s complexity through the geometry of the arm
set and the true parameter 6*. For linear bandits, Fiez et al. (2019); Zhao et al. (2024) have
shown that such a term characterizes the optimal sample complexity via a minimax lower
bound. However, extending this analysis to the logistic model is not straightforward. As
shown by Jun et al. (2021), establishing a similar minimax lower bound for logistic bandits
is highly non-trivial. The primary difficulty is that the KL-divergence between two Bernoulli
distributions is not a simple function of the squared difference of their means. To the best of
our knowledge, a minimax lower bound for best-arm identification in logistic bandits has not
yet been established. We therefore take a different approach and provide an information-

theoretic lower bound for this problem.

Theorem 27. Define a cone

Coe z = {0 eR?:3z¢ Z, sign(270%) # sign(@Tz)} :
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Then for any 6—PAC algorithm to the preference learning problem, the expected label com-
plezity Eg«[T] must satisfy

1
E¢«[7] > log —— min max ,
0[] &5 15 sAk 0<Cor.z Yy N Dic(Poe i | Pos)

where Py, 1s the distribution of the preference feedback when pulling arm z; under parameter

6.

4.5 Greedy Algorithm

In this section, we propose a simple greedy algorithm for active preference learning problem
that is directly motivated by the intuition from Section 4.3.2. In contrast to the method in
Section 4.4, this approach avoids solving a complex optimization problem and do not require
any knowledge on the minimum derivative of the link function. The key idea is to use a
greedy objective that incorporates the position of each confidence interval relative to the
decision boundary. As argued in Section 4.3.2, relying solely on confidence width can lead
to inefficient sampling. Our objective therefore uses the interval’s position to augment its
width.

Specifically, for each arm z, we define its remaining uncertainty as the minimum remaining
amount its confidence interval must shrink to no longer contain the decision boundary (zero).
This value captures the uncertainty that must be resolved to classify the arm confidently.

Formally, the remaining uncertainty of arm z at round ¢ is defined as:
RU,(z) = min {-LCB(z), UCB,(2)},

where LCB,(z) and UCB;(z) are the lower and upper confidence bounds of z76* at round
t respectively, i.e., LCBy(2) = 270, - Ds,(z) and UCBy(z) = 276, + Dj,(z). This concept is
illustrated in Figure 4.2, which depicts four possible scenarios for the confidence interval

positions.
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A

Figure 4.2: Tllustration of remaining uncertainty (in olive). The remaining uncertainty is positive
only when a confidence interval contains the decision boundary (zero), indicating that the arm’s
sign is not yet confidently determined.

Based on this concept, we present our algorithm in Algorithm 15. The algorithm follows
a simple greedy strategy: in each round, it pulls the arm with the maximum remaining

uncertainty.

Algorithm 15: Greedy Algorithm for Active Preference Learning
Input: Z, 9, labeling budget T’
Initialize: D « @
fort=1,...,7T do
Compute 6, and (LCB,(z),UCB,()) for all z ¢ Z
2 < argmax,.; min{-LCB;(z),UCB;(z)} with ties broken arbitrarily
Query z; to observe preference 1,

D<Du{(z,y)}
Output: MLE 6§ on D using Equation (4.2)

The greedy objective in Algorithm 15 can be interpreted as a refined measure of uncertainty
for this problem. It refines the standard confidence width by also incorporating the confidence

interval’s position relative to the decision boundary, as shown in the following theorem.

Theorem 28. The greedy objective in Algorithm 15 can be equivalently written as

b

To demonstrate the advantage of our algorithm over a G-optimal based method e.g., Das

max min {—LCBt(z), UCBt(z)} = maX{D(;,t(z) -6 =

et al. (2024), we show a simple canonical instance where their respective label complexities
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differ significantly. Consider the following instance. Let € be a small constant, e.g., € €
(0,1/4). The arms are the canonical basis vectors, z; = ¢; for 7 = 1,...,d. The true parameter
is set to 0* = (1,...,1,e)". Using the stopping rule from Lemma 29.5, we have the following

result.

Theorem 29. For the canonical instance z; = e; for i =1,...,d and 0* = (1,...,1,€)7 for
£€(0,1/4), the greedy selection objective arg maxie(qy | €;| g1 has label complexity scaling as

O(E%), while with Algorithm 15, the label complezity scales as O(d+ E%)

4.6 Experiments

We evaluate our proposed active preference learning algorithm by comparing it against sev-
eral baselines on multiple datasets. We consider the following five algorithms for comparison

with our algorithm in Algorithm 15:
¢ Random Sampling: Arms are selected uniformly at random at each round.

e Uncertainty Sampling: This method selects arms closest to the decision boundary
based on the current estimate, i.e., those with the smallest absolute estimated reward:

arg min,

zTét‘. A simple and widely adopted heuristic in active learning (Lewis, 1995;
Tong and Koller, 2001; Mussmann and Liang, 2018; Raj and Bach, 2022), it has proven

effective in various settings.

e Selective Sampling: A popular streaming setting active learning framework where
the learner decides whether to query an human labeler as each arm arrives. We adapt
it to our setting by iterating through the arms in a shuffled order and selecting the first
arm z whose lower confidence bound is below a threshold, e.g., LCB;(z) < 0.1. Note
that all true rewards 270* are positive in our setup, since we construct each z as the

difference between the chosen and rejected answer.

e APO (Das et al., 2024): This method pulls the arm that is most uncertain under
the current model, measured by the width of the confidence ellipsoid in its direction:

arg max, ”ZHH’({zs,se[t]} 5,y-1- The same approach is also used in Li et al. (2025).
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e D-optimal experimental design: This common experimental design criterion, used
in Liu et al. (2024); Kveton et al. (2025), selects the arm that greedily maximizes
the determinant of the information matrix i.e., arg max, det(Zizl ,u(z;ét)zszg) Note
that Kveton et al. (2025) propose an equivalent formulation that avoids computing the

determinant directly.

We evaluate all methods on three widely-used RLHF preference datasets: the Anthropic
helpful and harmless dataset (Bai et al., 2022), the Nectar dataset (Zhu et al., 2024), and
the ultrafeedback-binarized-preferences-cleaned dataset from Bartolome et al. (2023). For
all datasets, we use Gemma2 (Team, 2024) to generate text embeddings for the content.

Following practical considerations for real-world applications, we implement all algorithms
in a batched setting, as a fully sequential, round-by-round implementation is often infeasible
due to labeling latency (Scheid et al., 2024). In each epoch, we sample a batch of 50 arms
to query, collect their labels, and then update the model. All reported results are averaged
over 50 independent runs.

Note that any given dataset represents a single realization of the underlying label noise,
meaning the chosen and rejected labels for each pair are fixed. The randomness in our
experimental results, therefore, comes from the random train-test split performed at the
start of each independent run.

We report the classification accuracy of the estimated reward model on the test set. The
results are presented in Figure 4.3. Our proposed method (Algorithm 15) consistently outper-
forms all baselines on the Anthropic helpful and harmless and the ultrafeedback-binarized-
preferences-cleaned datasets. On the Nectar dataset, our algorithm exhibits a significant
advantage in the early stages, while Uncertainty Sampling achieves comparable performance

in the later stages.

4.7 Conclusion

In this work, we addressed the problem of active preference learning for RLHF by proposing
a novel, tailored experimental design objective. Based on this objective, we developed an

efficient algorithm that achieves an instance-dependent label complexity bound, improving
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Figure 4.3: Comparison of different active preference learning methods on three datasets.
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upon existing worst-case results. We also introduced a simple and practical greedy algorithm
as an alternative. Consistent with prior work in this area, we use classification accuracy as
a proxy for the performance of the learned reward model. However, a key open question
remains: how does the reward model’s accuracy impact the final performance of the aligned
LLM? Investigating this connection, as well as developing a more precise experimental design

objective that directly targets the overall RLHF goal, are compelling directions for future

work.

4.8 Proofs

4.8.1 Proof of Theorem 25

Theorem 25. (Label complexity) With a probability of at least 1 -6, Algorithm 1] will stop
after at most c(1+w)l*logp* + (1 +w)l*logpy + c(1 +w)rgtdy(d)log + cl*r(w) rounds, where

¢ 1s an absolute constant.

Proof. We prove an upper bound for the label complexity in the following.
Define S, := {z € Z‘|ZT0*| < 254}. Thus, by Lemma 29.1, with a probability at least 1 -0,
we have N, {2, € Sy} hold. This implies the following is true with a probability at least 1-§
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for all ¢

_ : 2 2 -2 2
p(20) = JJin max {v(d) max [z, 5, )10 2476, max \ZHH(A,gH)_l}

: 2 2.-2 2
< iy o @ mex el 20 g ) (2550

< )\EHAli(I%) max {37(d) max HzHiI(/\’e*)_l ,3-2.4%,2 max ”Z‘J%I(/\,e*)—l} (Lemma 29.3)

< mi 2 : L9 4252 5|12
< min rilezgx?ry(d) |2z 20091 + /\ergl(%)glegf3 2.4% % 2[5 0091

= Lo + Pe- (48)

By Lemma 29.1, with a probability at least 1 -9, we have S, = & for £ > (* = [log(4A‘1)1.
The total label complexity of Algorithm 14 is the summation of the number of samples in

each round, which can be upper bounded as

*

~

Ny
=1
i 202|2|(2+|2])
=Y [3(1 +w)p(2) log 5 vr(w)
=1
0 o
<Y A1+ w)p(Z)log v r(w)
=1
0 o
<Y 4(1+w)(po + pe)log v r(w) (due to (4.8))
=1
0 o o
<Y 4(1+w)logpe + 4(1 +w)l*logpg + £ (w). (4.9)

~
I
—
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On the other hand, we have

2
. . HzHH(/\,G*)‘l
= min max—2
NA(Z) 22 |3T0|

2
. ”ZHH(/\,H*)—l
= min maxmax —_———5—
AeA(Z) £ ze85, |2T9*|

o 2

1 . ”Z“H(/\,G*)—l

>— min max ————-—
0% xeA(Z) =1 7S¢ |ZT9*|

1 & ,
> 2% min maXHsz()\ﬁ*)_l. (4.10)

>
~160% =) XeA(Z) zeS,

Combining (4.9), (4.10), and Ny for the warm-up, we have

I - - -
Y Ne < (1 +w)llogp* +c(1+w)l*logp + c(1 +w)ry dy(d)log + clr(w),
=0

where ¢ is an absolute constant. O

4.8.2  Proof of Theorem 26

Theorem 26. (Correctness) With a probability of at least 1 -6, the reward model 6 will

classify all arms in Z correctly, i.e.,
sign(z70) = sign(270*)  for Vz e Z.

Proof. The proof is similar to Lemma 29.1 and Lemma 29.2. Readers are recommended to
read the proof of Lemma 29.1 and Lemma 29.2 first. The difference is that here we need to
show that the final reward model 8 will classify all arms in Z correctly, while in Lemma 29.2,
each reward model ég is only shown to classify the arms in Z,\Z,; correctly. Note that since
Z, will be eventually empty, for any z € Z, there exists ¢ such that z € Z,\Z,,;. So what we

need to show is that for all z € Z,\ Z,,;, the reward model 6 will classify z correctly.
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With a probability of at least 1 — 2=, we have for all z € Z,,

222
SN | 2021 Z|(2 + | Z|
(9—9 ) z S2.4ZH/(Q70*)1J log( (5 )
2021 Z|(2+12])
<2.4(2] (2, 009714 | 108 5 (H'(Z.,60%) < H'(Q,0%))
a3 2.4V 1+ WHZHH(AZ,B*)’l 2£2|Z|(2 + |Z|)
< log
VN, )
o 23y 5y (2e1zI(2+12)
<
B VN, o8 o

2430+ )l 5, ) J 1 (2122|Z|(2 + |Z|))
- 0g 5
2.4\l {3(1 +w)p(2) 1@%)] vr(w)

<ev, (4.11)

where b; is due to Theorem 24, b, is due to Lemma 29.4, b3 is due to Lemma 29.3. Consider

an arm z € Zy\Z,,1, we have

ZTé[| > ¢, by the elimination condition in Algorithm 14. Thus
by Equation (4.11) and Lemma 29.5 we know that 0, will classify z correctly. By a union
bound same as Equation (4.13), we know that with a probability at least 1 -9, all of arms
in Z will be classified correctly by 0. O]

Lemma 29.1. With a probability of at least 1 -0, for all z € Zy, we have |2760*| < 24, for all
(>1.
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Proof. With a probability of at least 1 — QPLIZI’ we have for all z € Z,

o 202|Z|(2+2])
<24z 12,0014 | 108 ;

agz.w—lwzmmlJ log(%w(m |Z|))

ZT(ég - (9*)

JN, 0
a32'4 3(1 +w)HzHH(>\e,ézfl)il 2€2|Z|(2+ |Z|)
13 log

) VN g
] 2.4\/3(1+ w)”Z”H(M@_I)—I \l log(2€2|2|(2 4 |Z|))
)
2.4\1 [3(1 +w)p(Zy) log(wﬂ vr(w)

<&y, (4.12)

where b; is due to Theorem 24, b, is due to Lemma 29.4, b3 is due to Lemma 29.3.
Define a good event &, for each ¢ and z € Z; as

S&Z: { SE@}.

We claim that with a probability at least 1 -9, the event N2, N.,cz, &,» holds. It can be

ZT(ég - 9*)

proved by a union bound as follows,

<0, (4.13)

where the last step is by the fact that Y ,2, e% = %f < 2. Under the event N2, Nyez, &2, We

show the following.
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For all z € Z, satisfying |270*| > 2, we have, if 270* > 2¢,

270, zzT<ég - 9*) +270*
>—cp+2¢

>Ey. (4.14)
If 270* < —2¢y,

270, :ZT<ég - 9*) +270*
<gp—2¢ey

<-¢y (4.15)

Combine Equation (4.14) and Equation (4.15), we have

ZTég‘ > g4, which means z satisfying
|270%| > 2¢, will be removed from Z, in the end of round ¢ according to the elimination

condition in Algorithm 14. m

Lemma 29.2. For all ¢ > 1, with a probability at least 1 -0, the arms in Z,\Zy1 are all

classified correctly by 0,.

Proof. This result directly follows from Equation (4.12), Lemma 29.5, and the elimination
condition in Algorithm 14.
By Equation (4.12), we know that the confidence width of 276* is at most &, for all z € Z,.

By the elimination condition in Algorithm 14, we have

ZTég| > gy for all z € Z,\Z,,1, thus
the sufficient condition in Lemma 29.5 is satisfied, which means 6, will classify all arms in

Z)\Z,1 correctly with a probability at least 1 - 4. O

Lemma 29.3. (Lemma 7 of Jun et al. (2021)) For each { >0, define the event,

Ry = {%H()\, 0*) < H(X,0,) <3H(X,0%), YA e A(Z)} .

We have that

o P(Ro)>1-25 and P(Ry| Re-1,+Ro) > 1-26 for all > 1;
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e max,.z | z|? (Zp00)1 S 1/v(d).

Lemma 29.4. (Lemma 13 of Jun et al. (2021)) Assume that A € Ay, and that we have
sampled x1,...,x, ~ ROUND(\, n,e) with n >r(e) = M, and € < 1. Then, for any 0,

£

n

Y (xl0)z.x] = . Y Xefi(zT0)za’
s=1

reX
This in particular tmplies
e For any z,

(1+¢)

z 2 z 2
212, |12

s=1

) S

fu(z10)z ] Spex Aafi(zT0)zaT) !

Amm(z u(xw)xsx;) > %Amm( 5 )\x/l(:z:TH)x:z:T)
s=1

reX

Lemma 29.5. Let Ds(z) be any valid confidence width for the estimated model § on arm z

with a probability of at least 1 -6, i.e., with a probability of at least 1 - ¢, we have
270 - Dy(2) < 270 < 270 + Dy(2).
Then the following condition
Ds(z) < ‘ZTGA‘

s a sufficient condition to guarantee that the reward model 6 makes a correct classification

on arm z with a probability of at least 1 -9 1i.e.,
sign(z70) = sign(=76).

Proof. Suppose that Ds(z) < ‘zTé‘ We now show that 270 and 276 share the same sign.
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Case 1: 270 > 0.

Since Ds(z) < 270, we have
270 - Dy(2) > 0.
Hence, with a probability of at least 1 -4,
270> 270 - Ds(2) > 0,

so 270 > 0 and the classification is correct.

Case 2: 270 < 0.

Here —270 > 0 and Dj(z) < 276, so
270+ Ds(z) < 0.
Hence, with a probability of at least 1 -4,
270 < 270+ Ds(2) <0,

so 270 < 0 and again the classification is correct. In both cases the sign of 270 matches that

of 276. O]

4.8.8  Proof of Theorem 27

Theorem 27. Define a cone
Co z = {9 eRY: 3z e Z, sign(276%) # sign(QTz)} .

Then for any 6—PAC algorithm to the preference learning problem, the expected label com-
plezity Eg«[T] must satisfy

1
Egp+[7] > log —— min max 3
0 [ ] & 245 AeAn, 9609*,Z Z;“Lzl )\’L DKL(PQ*,i || P@,i)
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where Py ; is the distribution of the preference feedback when pulling arm z; under parameter

6.

Proof. Let Z ={z,...,2,} c R% and 6* be the true parameter. Let T; denote the random
variable, which is the number of times arm ¢ is pulled. Under any 0—PAC algorithm, by

transportation lemma of Kaufmann et al. (2016), for any 6 € Cy- z, we have

n

1
;E[Tz] Dy (P i | Poyi) > logm’

where I ; is the distribution of the preference feedback when pulling arm z; under parameter

0. In our case, we have

Pog=Bern(p(8)), pi(6)=0(76), 0(z)= 1

For any feasible solution t = (¢1,...,t,) to the following optimization problem,

min Zn: t;

1
t. . > ,
s.t eggel*nz ;t DKL(PQ | Py Z) log2 5

we have

iE[Ti] > iti.

i=1 i=1

In particular, taking t* to be an optimal solution to this problem,

LR log(1/2.40 log(1/2.46
min " DKL(PG ZH sz) 2 (n " ) 2 n( )
0cCyx z -1 Z] 1t ijl tj ijl E[ir]]
Since Y 2757 =1, we conclude
log(1/2.49)

i min S0 Di (P | o) > <on et
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Rearranging the terms, we have

n 1 1
Eg+ E > log —— mi
o R o B A ST D (P 1 o)

m
4.8.4  Proof of Theorem 28
Theorem 28. The greedy objective in Algorithm 15 can be equivalently written as
max min {—LCBt(z), UCBt(z)} = maX{D(;,t(z) - |9A;z|} :
Proof.
maxmin{—LCBt(z), UCBt(z)}
=max min {—(é{z - Ds4(2)), 0Fz+ DzS,t(Z)}
=max min {—é{z + Dsi(2),0] 2+ D57t(z)}
=max {min {—é{z, é{z} + D(;,t(z)}
—maX{D(gt |9 z|}
m
4.8.5 Proof of Theorem 29
Theorem 29. For the canonical instance z; = e; for i =1,...,d and 0* = (1,...,1,&)7 for

£€(0,1/4), the greedy selection objective argmaxie(qy | €;| g1 has label complexity scaling as

O(E%), while with Algorithm 15, the label complexity scales as O(d+ 6%)

Proof. We begin by establishing a sufficient condition for the algorithms to stop. Our analysis
considers the canonical instance where the arm set Z consists of the standard basis vectors
{e1,...,eq}. In this setting, the two algorithms greedily pull arms based on their respective

selection rules:
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e G-optimal based method (Das et al., 2024): At each round ¢, select arm arg maxe(q) |e; | -1,

where H! = Yt j1(216,) 221
e Our method: At each round ¢, select arm argmax;eq){Ds(€;) - |eZ.Tét|}.

From Lemma 29.5, the suggested stopping rule is
Dsi(e;) —le]6, <0, for all i € [d], (4.16)

where D, (e;) is the confidence width for arm e; at round ¢. Since this rule involves the
empirical estimate ét, we first derive a simpler sufficient condition that depends only on the
true parameter 6%.

We show that the condition
1 )
D;s.(e;) < §|e;9*|, for all i € [d], (4.17)

is sufficient for the stopping rule in Equation (4.16) to be satisfied. By definition of the
confidence width, we know that with probability at least 1 -4, |eiTét —e]0%| < Ds(e;). Using

the triangle inequality, we have:

[¢704] > 1e] 67|~ |e76, — e]6"]

2 |€2—9*‘ - D(;,t(ei).

If we assume Equation (4.17) holds, then |e]6*| > 2Ds,(e;). Substituting this into the in-

equality above gives:
lel0y] > 2Ds,(e;) = Dsi(e;) = Dsi(e;).

This directly implies that Ds,(e;) - |e6y] < 0, satisfying the stopping rule.
Now, we use this sufficient condition to determine the number of pulls ¢; required for

each arm e;. For the canonical instance, Lemma 29.6 allows us to express the condition in
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Equation (4.17) as:

2.4y /ﬁ logw < %I@*I, for all i € [d]. (4.18)

Solving for t;, we find that each arm ¢ must be pulled a number of times satisfying:

C 2(2+12))

ti > - " " og )
H(Qi )(92 )2 0

where C is a numerical constant.

We can now analyze the total sample complexity for each algorithm.

G-optimal Method As established in Lemma 29.7, the G-optimal method behaves as a
round-robin for the canonical instance, meaning ¢; ~ T'/d for all i after T' rounds. To satisfy
the stopping condition for all arms, the number of pulls for the arm with the smallest |0%] = ¢
must meet the requirement. This leads to a total sample complexity 7" of:
C Z ~( d
Trd-tg>d-—log u = T=0|-=|
g2 o g2
The algorithm continues to pull all arms in a round-robin fashion until the condition is met

for every arm, including those that may have satisfied it much earlier.

Our Method A fundamental difference in our algorithm is that its selection rule, arg max;{ Ds(e;)—
|eZ.T€At|}, is directly aligned with the stopping rule. Once an arm e; satisfies the stopping con-
dition Ds,(e;) —|e]6,] < 0, its selection metric becomes negative and it will not be pulled
again, as the algorithm prioritizes arms with larger, positive values. The algorithm thus
focuses its budget on arms that have not yet met the condition.
The total sample complexity is the sum of the required pulls for each arm. Let |0}%] = €.
The complexity is dominated by the pulls required for this arm, while other arms require

fewer pulls.
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This demonstrates a significant improvement over the G-optimal method when ¢ is small. []

Lemma 29.6. For the canonical instance where z; = e; fori=1,---,d, the confidence interval

<24 L log 22+|2))
AT

Proof. The result is straightforward by noting that for the canonical instance and the con-

i Theorem 24 can reduce to

N *
0, - 0;

fidence interval in Theorem 24 O

Lemma 29.7. For the canonical instance where z; = e; fori=1,---.d, and 0* = (1,...,1,&)7,

the algorithm in Das et al. (2024) pulls arms almost uniformly, i.e.,

t1=-=1t41 and tg <t1 < Qtd.

Proof. For the algorithm of Das et al. (2024), the selection rule is

1
argmzaxﬂziHH,({ZS’SGM},@*)J = arg max —

(o)t

= argmiin,u(@i*)ti.
Note that we have
1(07) = (1) for i =1,--,d -1, and 1(6}) = fu(e).
Also note that for a small ¢, e.g., £ € (0,1/4),
(1) < fie) < 24(1).

This implies that the algorithm will pull the arms almost uniformly. Specifically, if ¢; is the

number of times arm ¢ is pulled, then we have

t1 = =141 and tg <ty < 2t4.
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Chapter 5

Conclusion and Future Work

In this dissertation, we studied three problems within the bandit and interactive machine
learning framework, with contributions ranging from theory to practice. In Chapter 2,
we revisited the simple regret minimization problem in multi-armed bandits. Our results
solved an open problem mentioned in Lattimore and Szepesvéri (2020) regarding the output
distribution of pure exploration algorithms and provided a new algorithm that achieves
superior performance, even in the challenging data-poor regime. In Chapter 3, we studied
the confounded pure exploration problem, where the experimenter cannot directly intervene
on the action variable. We brought a tool from econometrics that is less common in machine
learning literature, the instrumental variable, to solve the problem and discovered its power in
certain real-world pure exploration settings. We were able to solve the challenge of deriving
a non-asymptotic confidence bound for a modified version of the two-stage least squares
estimator, which eventually led to a nearly optimal algorithm for the problem. In Chapter 4,
we studied the problem of preference learning for Large Language Model alignment. We
proposed a new algorithm that actively and adaptively queries a human expert for preference
data. Compared to existing methods that use off-the-shelf experimental design objectives,
our method is developed from a new objective that is more suitable for the problem, enabling
us to show the first instance-dependent guarantee for this task.

Throughout this dissertation, a common theme is the development of strong, instance-
dependent performance guarantees for problems arising from the area of bandit and inter-
active machine learning, especially in the pure exploration setting. Such guarantees are
superior to worst-case guarantees, which can be significantly loose for many specific problem

instances. Another common theme is that all of the works in this dissertation can be sum-
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marized as addressing the problem of efficient data collection. This is important, as in past
years we have observed significant progress in machine learning and artificial intelligence
from the perspective of algorithm computation, while much less attention has been given to
the intelligence of the data collection step. We believe that efficient data collection will play
an important role in the future of machine learning and artificial intelligence.

While each chapter has summarized its own directions for future work on its specific
problem, there are also common themes for future exploration that could involve combining
the different problems mentioned in this dissertation. One interesting direction of potentially
high practical value, for example, is to apply the theoretical insights from Chapter 2. This
chapter demonstrated a significant acceleration effect with the right algorithm and showed
the great potential of pure exploration even in the data-poor regime. These findings could
be extremely useful in practical problems like those studied in Chapter 3 and Chapter 4, as
these are the settings that practitioners often face and care about. The work of Chapter 2 is
currently of primarily theoretical value; it would be very interesting to see how these insights

can be translated into more practical problems.
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